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ABSTRACT
We consider the problem of estimating the number of dis-
tinct values in a column of a table. For large tables without
an index on the column, random sampling appears to be
the only scalable approach for estimating the number of dis-
tinct values. We establish a powerful negative result stating
that no estimator can guarantee small error across all in-
put distributions, unless it examines a large fraction of the
input data. In fact, any estimator must incur a signi�cant
error on at least some of a natural class of distributions. We
then provide a new estimator which is provably optimal, in
that its error is guaranteed to essentially match our nega-
tive result. A drawback of this estimator is that while its
worst-case error is reasonable, it does not necessarily give the
best possible error bound on any given distribution. There-
fore, we develop heuristic estimators that are optimized for a
class of typical input distributions. While these estimators
lack strong guarantees on distribution-independent worst-
case error, our extensive empirical comparison indicate their
e�ectiveness both on real data sets and on synthetic data
sets.

1. INTRODUCTION
E�cient processing of complex queries over large volumes

of data has taken on increased importance with the growing
interest in decision support systems. A principled choice
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of an execution plan by an optimizer depends heavily on
the availability of statistical summaries such as histograms
and the number of distinct values in a column for the tables
referenced in a query. In particular, accuracy of distinct
values estimation greatly impacts the ability of the query
optimizer's ability to generate good plans for SQL queries.

This paper is concerned with e�cient and accurate distinct-
values estimation. The traditional approach for distinct-
values estimation in the absence of an index would be to
scan the table, followed by a sort or a hash. However, in
large datawarehouses, these traditional techniques can be
prohibitively expensive. This leaves sampling-based estima-
tion of the number of distinct values as the only remaining
alternative that scales well with increasing data size. Un-
fortunately, while other statistical parameters such as his-
tograms can be fairly accurately computed from small ran-
dom samples, accurate distinct-values estimation has proved
to be an extremely challenging task.

In this paper, we focus on the problem of accurately esti-
mating the number of distinct values from samples of large
tables. We begin by establishing a powerful negative result
stating that no estimator can guarantee small error across
all input distributions, unless it examines a large fraction of
the input data. We then provide a new estimator which is
provably optimal, in that its error is guaranteed to match
our negative result within a small constant factor. A draw-
back of this estimator is that although its worst-case error
(over all distributions) is fairly small, it does not leverage
the knowledge of input distributions and therefore does not
give the best possible error bound for that speci�c distribu-
tion. We develop heuristic estimators which, while lacking
strong error guarantees on distribution-independent worst-
case error, address the above concern. A key contribution
of the paper is an extensive experimental comparison of the
estimators that complements its theoretical contributions.

1.1 Related Work
This �rst thing to note about the distinct-values esti-

mation problem is its apparent di�culty. In fact, as Haas
et al [15] observe: \Identi�cation of improved estimators
is di�cult. ... Unfortunately, analysis of distinct-value es-
timators is highly non-trivial, and few analytic results are
available."

In the statistics literature, the problem of estimating the
number of species (or classes) is a well-studied problem that
is equivalent to our distinct-values estimation problem; refer
to Bunge and Fitzpatrick [3] for a survey.

This problem has also been studied extensively in the
database literature, e.g., Hou, Ozsoyoglu, and Taneja [18;



19], Naughton and Seshadri [22], and Ozsoyoglu, Du, Tjah-
jana, Hou, and Rowland [25] present results applying the
statistical estimators to data arising in database applica-
tions, with relatively poor results. The state-of-the-art is
the work of Haas, Naughton, Seshadri, and Stokes [15], who
devise several new estimators including a hybrid estimator
that appear to outperform the aforementioned estimators.
In recent work, Haas and Stokes [16] do an extensive study
of several generalized jackknife estimators, relating previ-
ously known estimators and proposing new ones.

The results of [15] and [16] indicate that the estimators
they propose typically outperform other known estimators,
both for real and synthetic data sets. Consequently, we will
compare our new estimators against the best estimators pro-
posed in these works. The hybrid estimator of [15] �rst uses
a chi-squared test to decide whether the data has low or
high skew, applying a smoothed jackknife estimator in the
former case and the Shlosser estimator in the latter case.
In this paper, we will refer to it as HYBSKEW. The esti-

mator bDhybrid recommended by [16] is similar in spirit to

HYBSKEW. bDhybrid chooses between one of three estima-
tors (one of them being a modi�ed Shlosser estimator) based
on an estimate of a certain coe�cient of variation of class
sizes. In this paper, we will refer to this estimator as HY-

BVAR. The estimator bDuj2a is recommended by [16] as an
alternative to hybrid estimators, i.e. estimators that choose
from one of several di�erent estimators, depending on some
estimated parameter. We refer to this as DUJ2A. Based
on their evaluation in [16], they recommend the estimators
HYBVAR and DUJ2A.

In an earlier work (Chaudhuri, Motwani, and Narasayya
[8]), we had touched upon the problem of distinct-values
estimation, and indeed the current paper has its genesis in
the results presented therein. The �rst of these results estab-
lished the inherent di�culty of accurate distinct-values esti-
mation based purely on random samples; the second was a
heuristic estimator but without any formal analysis. Among
the results presented in the current paper is a proof of op-
timality of a variant of the heuristic estimator proposed
in [8]; in addition, we present signi�cantly improved estima-
tors and extensive experimental results demonstrating the
superior performance of our new estimators.

We note that there are some hashing techniques called
\probabilistic counting" which can help alleviate the mem-
ory requirements. While these methods reduce memory re-
quirements at the cost of introducing imprecision, they still
involve a full scan of the table and remain infeasible for large
tables from the point of view of computation time.

1.2 Overview and Discussion of Main Results
Before describing our results, we present a general frame-

work for studying this problem by enumerating the features
desired of an estimator.

Average Bias: The average value of the estimator should
be close to the number of distinct values.

Variance: The estimator should be consistent in terms of
having low variance.

Error Guarantee: There should be an analytic guarantee
on the degree of error of the estimator.

Low Sampling: The estimator should guarantee small er-
ror for relatively low sample sizes. It should converge

consistently and rapidly to the true value as the sample
size is increased.

Distribution-independence: The estimator should not rely
on any assumptions about the data.

Con�dence: An estimator should indicate the con�dence
in its estimate and its variance.

Scalability: Error should not increase with increased data
size, for a �xed sampling fraction.

Most estimators that have been proposed earlier fail com-
pletely on all counts. Almost all of them are designed for
data satisfying questionable assumptions (e.g., uniformity),
and certainly do not provide any error guarantees. Even
worse, they do not have low average bias or variance. Some
notable exceptions are the estimators of [15] and [16]. We
observe the following positive aspects of their estimators
HYBSKEW, HYBVAR and DUJ2A: they exhibit much lower
average bias than the previous estimators; and, they perform
reasonably well for both low-skew and high-skew data dis-
tributions. On the other hand, they fall short on the other
counts. There are no analytic guarantees on their errors.
Due to the hybrid nature of HYBSKEW and HYBVAR,
their performance is inconsistent in several ways: they do
not give consistent error-reduction as the sample size in-
creases; and, they have high variance, particularly for low
sampling rates. Finally, none of the estimators provide any
indication of the likely error in their estimate.

After some preliminaries in Section 2, we begin in Sec-
tion 3 by strengthening the negative result mentioned in
Chaudhuri, Motwani, and Narasayya [8]. The earlier result
stated that if a random sample of size r is chosen from a table
of size n, then any estimator provided only with the random
sample must incur error proportional to

p
n=r, for some in-

put distributions. However, it did not rule out the possibility
of good estimators based on a strategy more sophisticated
than oblivious random sampling, e.g., an adaptive strategy
that chooses a set of values, examines the values and then
decides where to look next, and so on. Our new result shows
that the same error must be incurred by the most general
possible family of estimators which are allowed to use any
(possibly randomized) strategy to select a sequence of r val-
ues to examine in the input table, where the choice of the
values examined could be based on the values seen so far.
We also discuss the proof, elucidating intuition behind the
main di�culty in the distinct-values estimation problem.

In Section 4, we consider a variant of the heuristic esti-
mator from Chaudhuri, Motwani, and Narasayya [8]. We
provide an analytic result establishing that this estimator,
called GEE (Guaranteed-Error Estimator), is optimal in

that it achieves an error bound proportional to
p
n=r, thereby

matching the lower bound. An interesting side-e�ect of the
proof is the derivation of lower and upper bounds on the
number of distinct values. Thus, the GEE estimator has a
novel property that not only does it return an estimate, but
it provides also a con�dence interval surrounding the esti-
mate that with high probability, contains the actual number
of distinct values. The width of this interval re
ects the con-
�dence in the estimate as well as its likely variance. We feel
that such measures of con�dence should be required of all
estimators.



Our GEE estimator must cater to all possible input dis-
tributions to achieve analytical guarantees on its error. Con-
sequently, it is possible that GEE does not outperform HYB-
SKEW on certain speci�c input distributions. Indeed, our
experiments show that while GEE outperforms HYBSKEW
in many cases, it compares poorly with HYBSKEW in the
particular case of low-skew data with a large number of dis-
tinct values. We observe that in the latter distributions
HYBSKEW never invokes the Shlosser estimator, prefer-
ring instead the smoothed jackknife estimator. Based on
this insight, we present in Section 5 a heuristic estimator
called HYBGEE (for HYBSKEW with GEE) which sub-
stitutes the GEE estimator for the Shlosser estimator in
HYBSKEW. The HYBGEE estimator consistently outper-
forms HYBSKEW across all data distributions and com-
pares favorably with HYBVAR and DUJ2A, but unfortu-
nately it has no error guarantees unlike in the case of GEE.
We then apply the intuition behind the hybrid estimator in a
more principled manner to devise a new estimator called AE
(Adaptive Estimator). This is a re�nement of GEE in that
it attempts to adapt certain parameters in GEE to the input
distribution to avoid the bad performance on low-skew data
with a large number of distinct values. We give an analyti-
cal justi�cation for the formulation of AE in Section 5. We
conjecture that an analytical error guarantee is possible for
AE, and leave it as an open problem for future work. Mod-
ulo this unproven guarantee, the AE estimator has all the
features we desire of an estimator, including the con�dence
interval that carries over from the GEE estimator.

In Section 6 we provide experimental comparison of the
estimations by these estimators on real and synthetic data
sets. In particular, the experiments validate the claimed
behavior of the new estimators GEE, HYBGEE, and AE.

2. PRELIMINARIES
Let n be the number of rows in the table. We focus on

a speci�c column of the table. Suppose there are D distinct
values in this column, say f1; 2; : : : ; Dg. Let ni denote the
number of times value i occurs in the column and de�ne
pi = ni=n; then,

PD
i=1 ni = n and

PD
i=1 pi = 1. When

estimating the number of distinct values in a speci�c column,
we can ignore the remaining columns in the table and simply
view it as a (multi)set of values from the column of interest.

The estimators we consider are based on examining a ran-
dom sample of r tuples chosen uniformly at random from the
table. The sampling could be with or without replacement;
we will consider both possibilities and assume use of stan-
dard e�cient schemes for sampling from a table [23; 24; 9].
Let d be the number of distinct values in the sample, and let
fi be the number of values that exactly occur i times in the
sample; then, d =

Pr
i=1 fi. Clearly, d � D � n. We will usebD to denote an estimate of the number of distinct values.

We will apply sanity bounds to all estimators to ensure that

d � bD � n; i.e., if bD > n we set bD to n, and if bD < d we

set bD to d.

To evaluate the performance of estimators, we use the

multiplicative error of bD with respect to D. We refer to it
as the ratio error and de�ne it as follows:

error( bD) =
8<
:

D
bD

if D � bD
bD
D

if D < bD

That is, the error is simply the ratio of the estimator and the
true number of distinct values D, where the ratio is inverted
if necessary to ensure that the error is always greater than

1. Equivalently, the estimator bD has ratio error at most �

if and only if D=� � bD � �D:
A common error measure is the relative error which is

de�ned to be ( bD � D)=D. This measures the fractional
additive error of the estimator and is similar to the error
measure used by Haas et al [15]. We do not favor the use
of relative error as it is fairly misleading in comparing an
overestimate with an underestimate. In any case, it is fairly
easy to translate between the two error measures, and the
choice does not a�ect the qualitative interpretation of our
analysis or experiments.

3. NEGATIVE RESULT FOR ESTIMATION
Olken [23] points out that all known estimators give ex-

ceedingly large errors on at least some input data. Chaud-
huri et al [8] explained this observation by showing that large
errors are unavoidable for estimates derived only from ran-
dom samples. They considered the problem of estimating
the number of distinct values from a uniform random sam-
ple of the data and showed that in this restricted setting
it is impossible for a estimator to guarantee a small error
unless the sample size is very close to the size of the table
itself. We generalize this result and prove a similar negative
result for the the most general possible class of estimators
that, instead of being restricted to merely a random sam-
pling, are allowed to use any (possibly randomized) strategy
to select a sequence of r values to examine in the the input
table. Such estimators could even pick a sequence of r tu-
ples adaptively, i.e., pick the next tuple to examine based on
the values of the previously-examined tuples.

Previously, Haas et al [15] observed that no known esti-
mator behaves well on all data distributions primarily be-
cause their performance is sensitive to the skew of the data.
This situation can be easily explained in light of our re-
sults. Our lower bound on the error stems in part from the
di�culty in distinguishing between low-skew and high-skew
data. In fact, the proof hinges on the inability to distinguish
between two speci�c scenarios: one where there are few dis-
tinct values of very high frequency, and another where there
are a few high-frequency values together with a large number
of very low-frequency values (thus having a large number of
distinct values). The �rst scenario has low skew with few
distinct values and the second one has high skew with a
large number of distinct values. We prove that any possible
estimator must incur large error on at least one of these two
scenarios.

Theorem 1. Consider any (possibly adaptive and ran-

domized) estimator bD for the number of distinct values D
that examines at most r rows in a table with n rows. Then,
for any 
 > e�r, there exists a choice of the input data such
that with probability at least 
,

error( bD) �
r
n� r

2r
ln

1



:

Proof. Consider the following two distinct scenarios for
the column C of interest:

Scenario A: There is only one distinct value in C, say x.



Scenario B: There are k+1 distinct values fx; y1; : : : ; ykg,
of which x appears n � k times and each yi appears
once. Further, the yi's are placed in k rows chosen
uniformly at random.

Consider Scenario B and let C(X) denote the value ap-
pearing in column C at rowX. Suppose now that an estima-
tor E examines a sequence of r distinct rows, sayX1; : : : ;Xr,
where the choice of Xi could depend arbitrarily on C(X1),
: : : , C(Xi�1), and may be randomized. We claim:

Prob[C(Xi) = x j C(X1) = x;C(X2) = x; : : : ; C(Xi�1) = x]

=
n� i� k+ 1

n� i+ 1
:

This is because so long as the �rst i � 1 values are all x,
the estimator gets no information about whether it is in
Scenario A or B, and the yi values are randomly distributed
in the remaining n � i + 1 rows of C. Let E denote the
event that C(X1) = x;C(X2) = x; : : : ; C(Xr) = x. Then,
using a standard conditional probability computation [21],
we obtain that:

Prob[E] =
rY
i=1

Prob[C(Xi) j C(X1) = x; : : : ; C(Xi�1) = x]

=
rY
i=1

n� i� k + 1

n� i+ 1
�
�
n� r � k

n� r

�r

=

�
1� k

n� r

�r
� e

�2kr

n�r :

The last inequality follows from the claim that 1� z � e�2z

for 0 � z � 1=2, which is easily veri�ed. Note that the only
constraint on k is that k + 1 � n, hence for 
 � 1=er, we
may select

k =
n� r

2r
ln

1



:

For this choice of k, we obtain that Prob[E] � 
. Note that
we also need the condition that z = k=(n� r) � 1=2, which
is valid for our choice of k and 
.

Thus, when C is as in Scenario B, with probability at
least 
 the estimator will obtain r copies of the same value x.
On the other hand, in Scenario A the set of rows examined
by the estimator will always contain r copies of the same
value. Assume that C(X1) = x;C(X2) = x; : : : ; C(Xr) =
x, let � be the value returned by the estimator E in that
case. Then, the error with respect to Scenario A is � and
the error with respect to Scenario B is k=�. If � � p

k,

then the error with respect to Scenario A is at least
p
k;

otherwise, the error with respect to Scenario B is at leastp
k. In either case, the estimator E incurs an error

p
k,

implying the desired result.

Let us compare our worst case bounds with the maximum
error of the estimators considered in Haas et al [15]. For
a sampling fraction of 20%, i.e., r = 0:2n, they observed
a maximum error of 1:58 for Shlosser's estimator, 2:86 for
the smoothed jackknife estimator and 1:42 for the Hybrid
estimator. Setting 
 = 0:5 in our lower bound, we obtain
that there exists a scenario in which the error is at least
1:18 with probability 1=2. Thus, our error bounds seem to
be close to the errors observed in real experiments, even
though our results give worst-case bounds and the data in

the experiments may have had special structure that could
have been used to obtain better estimates.

4. AN OPTIMAL ESTIMATOR
We analyze a variant of an estimator proposed by Chaud-

huri et al [8] and prove that, in fact, it has optimal error,
matching the lower bound proved in Theorem 1 within a
small constant factor. Our estimator is called GEE (for
Guaranteed-Error Estimator) and is de�ned as follows for a
random sample of size r:

bD =

r
n

r
f1 +

rX
j=2

fj:

where fi's are as de�ned in Section 2.
We begin by giving the intuition behind GEE. We can

view the set that is sampled as being composed of high fre-
quency and low frequency values; here \high" and \low" are
relative terms that depend on the sampling fraction. The
high frequency values get picked up in the random sample
almost surely. We can think of the values that appear more
than once in the random sample as being the values of high
frequency; we need to count them only once each in our es-
timate of the number of distinct values. We can think of
the singleton values in the sample as representing the low
frequency values; however, the random sample contains only
some of these low frequency values. Roughly, the f1 single-
ton values represent a fraction f1=r of the whole set, i.e., a
total of nf1=r values. This set contains at least f1 values
and could contain as many as nf1=r values. We take the
contribution of f1 to our estimate to be the geometric mean
of these two extreme bounds, in order to minimize the ratio
error.

We now formally analyze the estimator GEE. For clarity
of exposition, we present the proof only for the case where
GEE samples with replacement, but our proof can be ex-
tended to sampling without replacement. We also restrict
the analysis to showing only that the expected error of GEE
is small; however, we can extend our proofs to establishing
the stronger result that GEE has small error with high prob-
ability. Observe that the ratio error of GEE in the following
theorem is within a small constant (roughly e) of the lower
bound in Theorem 1.

Theorem 2. The expected ratio error of GEE is O(
p
n=r)

when it samples r values from any possible input of size n.

Proof. When we pick a random value from a column C,
the probability that we pick i is pi. When we pick r values
at random from C, the probability that we do not pick i
is (1 � pi)

r. Hence the probability that i belongs to the
random sample is 1�(1�pi)r. The probability that i occurs
exactly once in the random sample is pir(1 � pi)

r�1. Now,
the number of distinct elements d in a random sample of size
r is a random variable with expectation E[d] =

PD
i=1 1�(1�

pi)
r . Let xi = 1 � (1� pi)

r, then E[d] =
PD

i=1 xi. Also f1,
the number of singleton values in a random sample of size r,
is a random variable with expectation E[f1] =

PD
i=1 pir(1�

pi)
r�1. Let yi = pir(1� pi)

r�1, then E[f1] =
PD

i=1 yi. The

estimator GEE returns the value d+ (
p

n
r
� 1) � f1. Thus,

the expected value returned by this estimator is E[GEE] =PD
i=1

�
xi +

�p
n
r
� 1
�
yi
�
. Note that the actual number of

distinct values is
PD

i=1 1. We will relate the individual terms



in the two summations by showing that xi+
�p

n
r � 1

�
yi is

within a multiplicative factor of 1, in particular between
1
e

p
r
n
(1� o(1)) and

p
n
r
. This will prove that, the expected

value of estimator GEE is within a factor e
p

n
r
(1 + o(1)) of

the correct answer. We consider two cases:
Case 1: pi � 1

r
.

In this case 1 > xi > 1 � 1
e
and yi < 1

e
. Thus, xi +�p

n
r � 1

�
yi is at least 1� 1

e and at most
p

n
r .

Case 2: pi <
1
r .

Note that pi � 1
n
. In this case 0 < xi < 1 � 1

e
and r

en
�

yi � 1
e
. Again, xi +

�p
n
r
� 1
�
yi is within the required

bounds.

Together with the estimator GEE, we can also provide
upper and lower bounds on the number of distinct values.
This gives some idea about the interval in which the true
number of distinct values lies and the con�dence with which
we can estimate it. Our lower bound called LOWER is sim-
ply d =

P
fi, the number of distinct values in the sample;

clearly, this is always a valid lower bound. The upper bound,
called UPPER is

P
i>1 fi+

n
r
f1. The analysis of the estima-

tor GEE can be used to show that with high probability, the
value of UPPER is greater than D, the actual number of dis-
tinct values. We omit the details in this extended abstract.
The experiments con�rm that the actual number of distinct
values always lies in the interval [LOWER,UPPER]; in fact,
the size of the interval [LOWER,UPPER] decreases sharply
with increasing r, indicating that the estimates rapidly con-
verge to D with increasing sample sizes (see Section 6 for
details on this experiment).

5. HEURISTIC ESTIMATORS
The HYBSKEW estimator [15] is a combination of two

estimators, the smoothed jackknife estimator and Shlosser's
estimator. It was observed that the smoothed jackknife esti-
mator performed well on data with low skew, while Shlosser's
estimator performed well on data with high skew. To exploit
this complementarity, HYBSKEW �rst uses the standard
�2 test on the random sample to probabilistically estimate
whether the data has high skew or low skew, resorting to
Shlosser's estimator in the former case and the smoothed
jackknife estimator in the latter case. We �rst show how
to improve HYBSKEW, and then analytically derive an im-
proved version of GEE.

5.1 The Modified Hybrid Estimator HYBGEE
From the de�nition of GEE and the intuition behind the

way the de�nition was derived, we see that GEE only errs on
the low frequency elements; the number of high frequency
elements are estimated fairly accurately. This would imply
that GEE does well in cases when f1 is small relative to
d, i.e., when the number of low frequency elements is small
relative to the total number of distinct values. Thus, GEE
should perform well for data with high skew or with rela-
tively few low frequency elements, and this is borne out by
the results of our experiments. By the same reasoning, we
expect that GEE will not perform as well (in fact be a se-
vere underestimate) for data which has both low skew and
a large number of distinct values; again, this is borne out
by our experimental results. In the case of high-skew syn-
thetic data, and in fact on all real-world data, we found that

GEE outperforms the Shlosser Estimator. This suggests a
modi�ed version, called HYBGEE (for Hybrid with GEE),
of the HYBSKEW estimator which substitutes GEE for the
Shlosser estimator in the case of high-skew data. As ex-
pected, our experimental results show that HYBGEE gives
a signi�cant reduction in error compared to HYBSKEW.
The experimental results are described in Section 6.

5.2 The Adaptive Estimator AE
One undesirable aspect of both HYBSKEW and the mod-

i�ed version HYBGEE is that it combines the results of two
very di�erent estimators; one of the two is selected depend-
ing on a test designed to measure the skew of the data. As
a result, for data that is neither clearly high-skew or clearly
low-skew, the value returned by the estimator is the value of
one of the two estimators where the choice is somewhat ar-
bitrary depending on the speci�c test used to measure skew.
Usually, the values of the two estimators are very di�erent.
This results in instability in the �nal value of the estimator,
resulting in high variance. In fact, it is possible that for the
same data, some random samples result in the choice of one
estimator while others cause the other to be chosen. In or-
der to avoid this, it is desirable to have an estimator which
has a uniform behavior.

Also, while the new estimator HYBGEE outperforms
HYBSKEW, it does not have the desired property of hav-
ing a guaranteed error bound as in the case of GEE. The
question arises: Can we devise a new estimator which has
guaranteed error and does not su�er from the same prob-
lem as GEE for low-skew data? The reason behind this
problem with GEE is that it estimates the number of low
frequency elements incorrectly. It �xes the coe�cient of f1
to be

p
n=r which turns out to be too low for low-skew data

with a large number of distinct values. This suggests de-
vising an estimator which would select the coe�cient for f1
based on the information gathered about the data distribution
in the random sample. Of course, since the only estimator
for which an error guarantee can be provided is GEE, which
is a consequence of the functional form of GEE, we choose to
consider only estimators of the form bD = d +Kf1. In fact
this is the family of generalized jackknife estimators con-
sidered by Haas and Stokes [16]. The insight derived from
the preceding discussion suggests selecting the value of K
adaptively based on an analysis of the random sample. One

constraint on K derives from the desired feature that bD be
an unbiased estimator of D, or that E[ bD] = D. This implies
that:

K =
D� E[d]

E[f1]
: (1)

Now, E[d] and E[f1] can be expressed in terms of the
pi's. (Recall that pi is the fraction of the column contain-
ing value i.) This would give us an expression for K in
terms of the pi's; unfortunately, we do not know the pi val-
ues. Instead, we use the information about pi's that can be
derived from the random sample. Since we have fi values
with frequency i in the sample, these fi values are expected
to have frequency approximately in=r in the column. An
important contribution to the numerator of the expression
comes from the low-frequency values, which are (say) m in
number. We obtain an expression for K in terms of the fi's
and m, the number of low-frequency values. We substitute
this expression in (1). Note that D can also be expressed



in terms of fi's and m. This implies an equation in terms
of m. Solving this equation, we obtain an estimate for m,
the number of low frequency values which in turn gives us
an estimate for the number of distinct values. We call the
resulting estimator AE (for Adaptive Estimator); a detailed,
formal derivation of AE is presented in the next section. A
development of estimators along these lines is also present
in [16]. A distinguishing aspect of our approach to AE com-
pared to [16] is that we separate the contributions of the low
frequency and high frequency elements, accounting for them
di�erently. We conjecture that an analytical error guaran-
tee can be established for AE, and leave it as an interesting
open problem for the future. We note that a con�dence in-
terval can be provided for AE in exactly the same manner
as for GEE.

5.3 Analytical Derivation of AE
Our goal is to derive a distinct value estimator of the

form bD = d+Kf1, where we know that

E[d] =
DX
i=1

1� (1� pi)
r = D�

DX
i=1

(1� pi)
r ;

E[f1] =
DX
i=1

r � pi(1� pi)
r�1;

E[ bD] = D�
DX
i=1

(1� pi)
r +K

DX
i=1

r � pi(1� pi)
r�1:

Since we require E[ bD] = D, it follows that

K =

PD
i=1(1 � pi)

rPD
i=1 r � pi(1� pi)r�1

:

Of course, we need to know the pi values in order to evaluate
the numerator and denominator of the above expression. We
settle for an approximation, which is obtained as follows.
Since we observed fi values occurring i times in the random
sample, we will take this to mean that there are fi distinct
values, each of which occupy a fraction p = i=r of the set.
This approximation should be fairly accurate for large values
of i, but inaccurate for smaller i, especially i = 1; 2. Under
this approximation, we conclude that

K =

rX
i=1

�
1� i

r

�r
fi

rX
i=1

i

�
1� i

r

�r�1
fi

:

Now, let us attempt to improve the approximation. The
earlier approximation was inaccurate for small i, particularly
i = 1; 2. We work with the intuition that the values that
contribute to the fi's for i > 2 are the high-frequency values
in the set. The elements that contribute to f1 and f2 are
representatives of the low-frequency values in the set, whose
number could be much larger than f1 + f2. Let us estimate
the number m of low-frequency values represented by each
value that contributes to f1 and f2. The fraction of the set
occupied by these values is (approximately) (f1 + 2f2)=r.
Thus the total number of distinct values is D = d � f1 �
f2 +m. We further assume that each of them occupies an
equal fraction of the set; thus, for each of these m values,

pi =
f1+2f2
rm . This results in the following estimate for K:

K =

rX
i=3

�
1� i

r

�r
fi +m

�
1� f1 + 2f2

rm

�r
rX
i=3

i

�
1� i

r

�r�1
fi + (f1 + 2f2)

�
1 � f1 + 2f2

rm

�r�1 :

Recall that we want bD = d+Kf1 and that D = d� f1�
f2+m; hence, d�f1�f2+m = d+Kf1 orm�f1�f2 = Kf1.
Substituting our estimate for K, we obtain the following
expression for m:

m� f1 � f2

= f1

rX
i=3

�
1� i

r

�r
fi +m

�
1� f1 + 2f2

rm

�r
rX
i=3

i �
�
1� i

r

�r�1
fi + (f1 + 2f2)

�
1� f1 + 2f2

rm

�r�1 :

Employing standard approximations for the terms in the
above equation, we obtain:

m� f1 � f2 = f1

rX
i=3

e�ifi +me�(f1+2f2)=m

rX
i=3

ie�ifi + (f1 + 2f2)e
�(f1+2f2)=m

:

Solving either of these equations to estimate m, using stan-
dard numerical methods, we obtain that the AE estimator

is bD = d+m� f1 � f2. Of course, we apply sanity bounds

to ensure that d � bD � n.

6. EXPERIMENTAL RESULTS
In this section, we report full results of our empirical

analysis of the estimators GEE, HYBSKEW [15], AE, HY-
BGEE, DUJ2A [16] and HYBVAR [16]. We studied the
performance of these estimators on three real-world data
sets \Census," \CoverType," and \MSSales" with 32561,
581012 and 1996290 records respectively, as well as on syn-
thetic data sets. The �rst two real-world data sets were
obtained from the public domain site [13]. MSSales is an
internal database in Microsoft which tracks sales of prod-
ucts by the company over a �scal year. The synthetic data
allowed us to vary the following data characteristics in a
controlled manner:

1. Data Skew. We generated the data sets according
to the generalized Zip�an distribution. We generated
columns with Zip�an value Z 2 f0; 1; 2; 3; 4g, where
Z = 0 gives a uniform distribution (low skew), and
Z = 4 is a highly-skewed distribution.

2. Number of records. We generated tables where the
number of rows, n, ranged over f100K; 200K; :::;1000Kg.

3. Number of duplicates for each distinct value.

For each skew value, we generated columns with a
varying number duplication factor. The number of
copies ranged over f1; 10; 100; 1000g. For example, to
generate a column with n = 1; 000; 000, Z = 2 and 100
duplicates, we generate Zip�an data for n = 10; 000,
and made 100 copies of each value.



The layout of data for each column was random. We
achieved this by clustering the data on tuple-ids that were
generated at random. In all our experiments, we varied the
sampling fraction over 6 values: 0.2%, 0.4%, 0.8%, 1.6%,
3.2%, 6.4%. For each sampling fraction, we collect ten in-
dependent samples, and report the average error of each es-
timator over these ten samples. The experiments were con-
ducted on an Intel Pentium III Xeon 550 Mhz processor with
256 MB RAM. The databases were stored in Microsoft SQL
Server 7.0. We used existing functionality in SQL Server for
obtaining a random sample without replacement of a speci-
�ed sample size. We had to modify the server so that once
the random sample was gathered, we obtained the following
information: (a) number of distinct values in the sample;
(b) fi, for all i � 1; and, (c) sample skew [15].

Varying the Sampling Rate. In our �rst experiment we
study the e�ect of varying the sampling fraction on each
estimator for high-skew data (Z=2) and low-skew (Z=0).
We report the results for n = 1; 000; 000 rows with dupli-
cation factor 100. Figures 1 and 2 show that on low-skew
data HYBGEE performs as well as HYBSKEW, whereas on
high-skew data HYBGEE signi�cantly outperforms HYB-
SKEW. This is because for low skew, both HYBSKEW and
HYBGEE use the smoothed jackknife estimator, whereas for
high skew, HYBGEE uses GEE (and hence they overlap in
the �gure) while HYBSKEW uses Shlosser. As noted earlier,
GEE does better than Shlosser on high-skew data. Finally,
AE does consistently well on low-skew as well as high-skew
data and outperforms all other estimators including DUJ2A
and HYBVAR.

We also report the standard deviation of each estimator
(as a fraction of the actual number of distinct values D) as
the sampling fraction is varied, for both low-skew and high-
skew data. Figures 3 and 4 show that the variance of all
estimators decreases with increasing sample size. For cer-
tain sampling fractions in the low-skew case, GEE seems to
exhibit slightly higher variance than the other estimators.
However, note that the absolute value of the standard de-
viation for all estimators is already small in the low skew
case. The HYBSKEW estimator has the highest variance
amongst all estimators in the high-skew case. The variance
of AE and DUJ2A are fairly small throughout whereas the
variance of HYBVAR exhibits erratic behavior in the high
skew case. Finally, for the same data, we show the con-
�dence interval for GEE in Tables 1 and 2. As expected,
we see that as the sampling fraction increases, the interval
[LOWER,UPPER] rapidly converges to D.

Varying the Skew. Next, we study the e�ect of varying
the skew on accuracy of the estimators for low (0.8%) and
high (6.4%) sampling fractions. We present the results for
n = 1; 000; 000 rows with 100 duplicates. Figures 5 and 6
show that HYBGEE consistently outperforms HYBSKEW
for both low and high sampling fractions. Also, AE does
better than all other estimators for the low sampling fraction
with a ratio error extremely close to 1. For the high sampling
fraction, AE has higher error than HYBGEE and HYBVAR
but lower error than HYBSKEW and DUJ2A. We note that
in this case the ratio error of all estimators is extremely
close to 1, and it is hard to see any clear trend. Figure 6
also shows that GEE and HYBGEE have extremely small
errors for high sampling fraction.

Varying the Duplication Factor. In our next exper-
iment, we study the impact of duplication factor on the
accuracy of the estimators. We present results for n =
1; 000; 000, Z = 1, and two sampling fractions (0.8% and
6.4%). Figures 7 and 8 show that in both cases, HYBGEE
signi�cantly outperforms HYBSKEW over the entire range
of duplication factors. Also, except in the case of no du-
plicates for the low sampling fraction, AE is better than
both HYBGEE and HYBSKEW throughout. DUJ2A and
HYBVAR appear to perform well in the low sampling case
whereas in the high sampling case HYBVAR has high error
for the no duplicates data set. In general, we expect the
error of the estimators to decrease as the duplication factor
increases. This is because for large duplication factors, the
random sample will almost surely contain all the distinct
values in the column. This is roughly what we observe. A
notable exception is HYBSKEW for low sampling fraction:
its error goes up signi�cantly as the duplication factor is in-
creased from 1 to 10. This is because of the particular form
of Shlosser's estimator and the (invalid) assumptions made
in its derivation.

Scaleup. The goal of this experiment is to evaluate the
accuracy of estimators as data size increases. We tried two
kinds of scaleup: bounded domain scaleup where we �xed
the sample size and the number of distinct values but in-
creased n, and unbounded domain scaleupwhere we �xed the
sampling fraction and increased the number of distinct val-
ues with n. For bounded domain scaleup, we varied n over
f100K; 200K; : : : ; 1000Kg: We generated data with Z = 2
which gives 49 distinct values for n = 1000. To generate the
100K table, we made 100 copies of each distinct value; to
generate the 200K table, we made 200 copies of each distinct
value, and so on. The number of rows sampled was �xed at
10K. For the unbounded domain scaleup, we used Z = 2
with duplication factor 100, �xing the sampling fraction at
1.6%. Figure 9 shows that for bounded domain scaleup,
the error for all estimators except HYBVAR remains ap-
proximately constant as n is increased whereas the error of
HYBVAR increases approximately linearly with n. The rea-
son for this is that HYBVAR uses the modi�ed Shlosser's
estimator in this case. The modi�ed Shlosser's estimator
is unable to detect situations where data is duplicated, and
therefore overestimates by a factor proportional to the num-
ber of copies of each distinct value. We also note that HY-
BGEE uses GEE for high skew data (Z = 2) and hence these
estimators behave identically in both scaleup experiments.
In the unbounded scaleup experiment (Figure 10) , we see
that once again the errors of all estimators except HYBVAR
remains approximately constant as n is increased. The er-
ror for HYBVAR however, abruptly increases at n=400K
since it switches from using DUJ2A to using the modi�ed
Shlosser's estimator (which has a signi�cantly higher error)
for n � 400K. The two scaleup experiments show that all
estimators except HYBVAR scale well with increasing data
size.

Comparison of estimators on real-world data. In our
last experiment we compare the accuracy and variance of
estimators on three real-life data sets. The Census database
has 15 columns (Age, Marital-Status, etc.), the CoverType
database has 11 columns (Elevation, Aspect, Slope, etc.)



and the table considered in the MSSales database has 20
columns (Product, Division, LicenseNumber, Revenue etc.).
Figure 11 shows the average (over all columns) error of each
estimator on the Census database as the sampling fraction
is varied. We see that GEE, AE, and HYBGEE consistently
outperform the other three estimators on this data set. Fig-
ure 13 similarly shows that these estimators yield more ac-
curate estimates than HYBSKEW for the CoverType data
as well. We observe that HYBGEE performs better than
both GEE and HYBSKEW, and the performance of AE is
comparable to that of HYBSKEW. On MSSales (Figure 15),
all estimators perform reasonably well although both HYB-
SKEW and HYBGEE appear to give lowest errors. Figures
12 and 14 and 16 show the standard deviation of each es-
timator as a fraction of the actual number of distinct val-
ues in the data. We see that the variance of all estimators
is small on real-world data sets; the two exceptions being
HYBSKEW and DUJ2A on MSSales. Further, the variance
decreases with increase in the sampling fraction.

7. CONCLUDING REMARKS
We presented a powerful negative result establishing the

inherent di�culty of distinct-values estimation. At the same
time, we devised a new estimator GEE which is provably
optimal with respect to this negative result and performs
reasonably well in practice, except in the case of low-skew
data with a large number of distinct values. Our extensive
empirical evaluation points to the fact that to ensure ac-
curacy, the estimation procedure needs to take into account
characteristics of the input distribution. We analytically de-
rived the estimator AE, a new version of GEE that adapts
to the input distribution so as to avoid the problems faced
by GEE. Deriving a formal analytical error guarantee for
AE is a key part of our future work.
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Error vs. Sampling Rate (Z=0, Dup=100)
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Variance vs. Sampling Rate (Z=0, Dup=100)
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Error vs. Skew
(Sampling rate=0.8%,Dup=100)
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Figure 1. Variation of error with sampling rate 
(Z=0,Dup=100) 

Figure 3. Variance of estimators vs. sampling rate 
(Z=0,Dup=100) 

Figure 5. Variation of error with skew  
(Sampling Rate=0.8%, Dup=100) 

Error vs. Sampling Rate (Z=2, Dup=100)
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Variance vs. Sampling Rate (Z=2, Dup=100)
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Error vs. Skew
(Sampling Rate=6.4%,Dup=100)
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Figure 2. Variation of error with sampling rate 
(Z=2,Dup=100) 

Figure 4. Variance of estimators vs. sampling rate 
(Z=2,Dup=100) 

Figure 6. Variation of error with sampling rate 
(Z=0,Dup=100) 



Sampling 
Rate 

ACTUAL LOWER UPPPER 

0.2% 10000 1814 817300 

0.4% 10000 3345 671118 

0.8% 10000 5511 452502 

1.6% 10000 7999 207963 

3.2% 10000 9611 47960 

6.4% 10000 9987 11306 

 
 
 
 

Error vs. Duplication Factor
(Z=1, Sampling Rate=0.8%)
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Bounded Domain Scaleup
(Z=2, Fixed size 10K Samples)
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Table 1.  Error Guarantee for GEE  
(Z=0, Dup=100, N = 1million) 

Figure 7. Variation of error with duplication factor 
(Z=1, Sampling rate=0.8%) 

Figure 9. Scaleup when number of distinct values is 
kept constant. 

Sampling 
Rate 

ACTUAL LOWER UPPPER 

0.2% 156 63 15712 

0.4% 156 86 9044 

0.8% 156 111 5067 

1.6% 156 137 2083 

3.2% 156 152 531 

6.4% 156 156 169 

 
 
 
 

Error vs. Duplication Factor 
(Z=1, Sampling Rate =6.4%)

1

1.5

2

2.5

3

3.5

4

4.5

1 10 100 1000
Duplication factor

A
ve

ra
g

e 
R

at
io

 E
rr

o
r

GEE

HYBSKEW

AE

HYBGEE

DUJ2A

HYBVAR

 
 
 

Unbounded Domain Scaleup
(Sampling Rate=1.6%, Z=2)
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Table 2.  Error Guarantee for GEE  
(Z=2, Dup=100, N = 1million) 

Figure 8. Variation of error with duplication factor 
(Z=1, Sampling rate=6.4%) 

Figure 10. Scaleup when number of distinct values is 
increased with number of rows. 



Census Database: Error vs. Sampling Rate
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Covertype Database: Error vs. Sampling Rate
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MSSales Database: Error vs. Sampling Rate
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Figure 11. Average error of estimators over all 
columns of Census database. 

Figure 13. Average error of estimators over all 
columns of Covertype database. 

Figure 15. Average error of estimators over all 
columns of a table in MSSales database. 

Census Database: Variance vs. Sampling Rate
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Covertype Database: Variance vs. Sampling Rate
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MSSales Database: Variance vs. Sampling Rate
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Figure 12. Variance of estimators over all columns of 
Census database. 

Figure 14. Variance of estimators over all columns of 
Census database. 

Figure 16.  Variance of estimators over all columns of 
a table in MSSales database. 


