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ABSTRACT 1. INTRODUCTION

Rank aggregation has recently been proposed as a useful abstrac- Rank aggregation is the problem of combining several ranked
tion that has several applications, including meta-search, synthe-lists of objects in a robust way to produce a single ranking of the
sizing rank functions from multiple indices, similarity search, and objects. This problem has a long and interesting history that goes
classification. In database applications (catalog searches, fieldedoack at least two centuries. While the philosophical aspects of rank
searches, parametric searches, etc.), the rankings are produced byggregation have been debated extensively during this period, the
sorting an underlying database according to various fields. Typi- mathematics of rank aggregation has gained more attention in the
cally, there are a number of fields that each have very few distinct last eighty years, and the computational aspects are still within the
values, and hence the corresponding rankings have many ties inpurview of active research.
them. Known methods for rank aggregation are poorly suited to  In computer science, rank aggregation has proved to be a use-
this context, and the difficulties can be traced back to the fact that ful and powerful paradigm in several applications including meta-
we do not have sound mathematical principles to compargéro search [7, 20, 18, 17, 1, 16], combining experts [3], synthesiz-
tial rankings that is, rankings that allow ties. ing rank functions from multiple indices [8], biological databases
In this work, we provide a comprehensive picture of how to com- [19], similarity search [10], and classification [16, 10]. An im-
pare partial rankings. We propose several metrics to compare par-portant contribution of the work of [7] is to adopt and highlight
tial rankings, present algorithms that efficiently compute them, and the merits of a proposal of Kemeny’s for performing rank aggre-
prove that they are within constant multiples of each other. Based gation: namely, given multiple rankings, find a ranking whose to-
on these concepts, we formulate aggregation problems for partialtal Kendall tau distancéo the given rankings is minimized. The
rankings, and develop a highly efficient algorithm to compute the Kendall tau distance between two rankings (permutations) is de-
top few elements of a near-optimal aggregation of multiple partial fined as the number of pairwise disagreements between the two
rankings. In a model of access that is suitable for databases, ourrankings; it is easy to see that it is a metric on the space of per-
algorithm reads essentially as few elements of each partial rankingmutations. While this formulation is mathematically crisp, appli-
as are necessary to determine the winner(s). cations usually demand additional flexibility from the aggregation
algorithm. For example, in aggregating search results, we are faced
with the problem that we have access only to the top few elements
of the rankings. In [7], this issue was addressed by suitably modi-
fying the heuristics for full rank aggregation, but without providing
any mathematical justification. This situation was later remedied
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gregation. We outline these next.

(1) In many applications of rank aggregation, there is an under-

lying database of records that are first ranked in several ways; typ-
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For example, in online commerce, users often state their pref- To summarize, the aggregation of partial rankings is an impor-
erences for products according to various criteria. In a databasetant problem in the context of many database applications and it
of restaurants (e.g.www.dine.com ), it is common to rank is useful to develop algorithms that quickly obtain the top few re-
the restaurants based on the user’s preferences for cuisine, drivsults of the aggregation. The single main obstacle is that we do not
ing distance, price, star ratings, etc.; in airline reservations (e.g., have sound mathematical principles to compare two partial rank-
www.travelocity.com ), it is common to rank flight plans ings; this is precisely what we study in this paper. Our main contri-
by price, airline preference, number of connections, flight times, bution is a comprehensive solution to comparing and aggregating
etc. Other examples include searching for an article in scientific partial rankings.
bibliography databases (e.gww.ams.org/mathscinet ) us-
ing preference criteria on attributes such as title, year of publica-
tion, number of citations, etc.; searching for a protein in biolog-
ical databases (e.gwww.rcsb.org/pdb ) based on attributes
like chain type, compound information, experimental technique,
resolution, etc.; and searching for NSF awanae/v.nsf.gov/
verity/srchawdf.htm ) based on attributes such as award
amount, start date, etc.

While many database attributes are usually numeric, there are at-
tributes that are inherently non-numeric. For instance, in the restau-
rant selection example above, “type of cuisine” is a non-numeric
attribute. The number of distinct values in such non-numeric at-
tributes is often very small. Therefore, when one sorts according
to values this attribute can take, the resulting rank ordering of the
objects is not a permutation any more; it is an ordering with ties,
also known as gartial ranking Notice that partial rankings could
result even for numeric attributes. For example, in travel reserva-
tions, the field “number of connections” is a numeric attribute, but
usually has no more than four values. Furthermore, the user may While the metrics obtained through profiles can be efficiently
not be interested in using the complete range of values for a nu- computed, the Hausdorff metrics are max-min over exponentially
meric attribute even if the database might permitit. For instance, in large sets and it is not at all obvious a priori if they can be com-
the restaurant selection example, even though distance is numericputed efficiently as well. We solve this problem by first obtain-
the user might wish to treat any distance up to ten miles to be the ing a complete characterization of how the Hausdorff distance is
same in his/her preference. achieved between two partial rankings (for both Kendall tau and

Thus, the first main feature of rank aggregation in database appli- Spearman footrule versions). Specifically, we show how to effi-
cations is that, due to preference criteria on few-valued attributes, ciently construct full rankings from the given partial rankings so
we need to deal with partial rankings rather than full rankings. that the Kendall/Spearman distance between the full rankings is
While it is possible to treat this issue heuristically by arbitrarily equal to the corresponding Hausdorff distances between the par-
ordering the tied elements to produce a full ranking, we seek ways tial rankings. These characterizations enable us to compute the
that are mathematically more well-founded. Hausdorff distances efficiently; furthermore, while the proofs of
the characterizations are technically quite intricate, the resulting

(IZ)trlln f[jata]t:base-centnc afptpr)]hcatlons, v;/_e areCof:e_n Ilntteggsye(;ihln algorithms are extremely simple. The computational aspects of the
only the top few answers of the aggregation. Certainly, this is the | o i o o discussed in Section 4.

case with all the above examples. This feature leads to the quest for ) ] ) ) )
algorithms that quickly obtain the top result(s) of aggregation, per- Having four metrics on partial rankings is good news, but exactly
haps in sub-linear time, without even having to read each ranking Which one should a practitioner use to compare partial rankings?
in its entirety. This issue was addressed in [10], where an aggrega-Furthermore, which one is best suited to formulating an aggrega-
tion heuristic based on median rank values was studied. This medianfion problem for partial rankings? Our summary answer to these
rank aggregation has the nice property that it admitinatance- questllons is that the exact chqlce doesn't matter mgch. Namely,
optimal algorithmin the sense of [11] under a model of access that following the lead of [9], we define two metrics to keuivalentf
is relevant for databases. The instance optimality feature is sharedth@Y are within constant multiples of each other. This notion was
neither by the more sophisticated heuristics in [7] based on match- inspired by the Diaconis-Graham inequality [6], which says that the
ings and Markov chains, nor by a natural heuristic based on averageKenda” tau distance and the Spearman footrule distance are within
ranks. Also, median is robust, as it mitigates the effect of outliers. & factor of two of each other. We show that all four of our metrics
Since the applications we focus on in this paper are database-2'€ equivalent in this sense. It is easy to show that the Hausdorff
centric, it is tempting to try to adapt the median-based algorithm versions of the Kendall tau distance and the Spearman footrule dis-
for aggregating partial rankings. However, there are two obstacles fance are equivalent; the equivalence between the Hausdorff and
to such an attempt. First of all, though the median rank aggregation the profile versions of the Kendall tau metric is also simple to es-
algorithm was argued to be heuristically good as an aggregationtab“Sh- Provmg equlvzlilence for the profile mgtrlcs turns out to pe
algorithm, nothing provable was known about its efficacy. In par- rather tricky, and requires us to uncover considerable structure in-
ticular, it was not known if median rank aggregation produced an §|de partial rankings. We present these equivalence results in Sec-
approximately optimal aggregation with respect to the Kendall dis- tion 5.
tance. Secondly, the median rank aggregation algorithm was pro- Finally, we turn to algorithms that obtain the top few answers
posed in [7, 10] assuming that the inputs are permutations. Conse-when we aggregate partial rankings. Here we fully reap the ben-
quently, it is not clear if the algorithm would perform well, even in  efit of having defined four distinct metrics on partial rankings and
a heuristic sense, when the inputs are partial rankings. having established their equivalence with much technical maneu-

Summary of our contributionsWe define four metrics between
partial rankings. These are obtained by suitably generalizing the
Kendall tau distance and the Spearman footrule distance on permu-
tations (cf. [5]) in two different ways. In both approaches, to com-
pare two partial rankings, we compare the two sets of full rankings
obtained from the partial rankings by breaking ties in all possible
ways. A classical way (cf. [4]) to compare two sets in a metric
space is the well-known method of using the Hausdorff distance
between the sets (see Section 3.2). The drawback of using the
Hausdorff extensions of Kendall tau and Spearman footrule is that
they are less intuitive. Our second method to compare the two sets
avoids this pitfall, and is based on succinctly summarizing the two
sets by compact vectors—their “profiles”—and applying the
distance between the profile vectors. By definition, these metrics
admit efficient computation, and furthermore, they are extremely
intuitive and quite natural. These metrics are defined and discussed
in Section 3.
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vering. Namely, if we care primarily about aggregations that are bottom bucket contains all other members of the domain. Note that
approximately optimal with respect to a metric, we now have four in [9] there is no bottom bucket in a tdplist. This is because in
viewpoints from which to attack the problem! Thus, a constant [9] each topk list has its own domain of sizk, unlike our scenario
factor approximation algorithm for aggregation with respect to one where there is a fixed domain.

metric is automatically a constant factor approximation algorithm  Given a partial rankingr with domainD, we define ityeverse

for aggregation with respect to all the other metrics. It turns out denotedo®, in the expected way. That is, for all € D, let

that an algorithm that is based on the median rank algorithm [7, e®(d) = |D| 4+ 1 — o (d).

10] lends itself naturally to efficient aggregation with respecttothe ~ We also define the notion afwappingin the normal way. If
profile version of the Spearman footrule metric. We show that the a,b € D, thenswappinge andb in o produces a new order’
algorithm derived from median ranks is a constant factor approx- wheres’(a) = o (b), o'(b) = o(a), ando’(d) = o (d) for all
imation algorithm with respect to this metric. Also, as mentioned d € D — {a, b}.

before, being a median-based algorithm, our algorithm reads only
as few elements of each partial ranking as possible in order to deter-
mine the winner(s) of the aggregation—in this aspect, the algorithm
is extremely database-friendly and practical.

Refinements of partial ranking&iven two partial rankings and
T, both with domainD, we say thatr is arefinementof = and
write o > 7 if the following holds: for alli,j € D, we have

By the equivalence outlined above, it follows that the median (1) < o(j) wheneverr (i) < 7(j). Notice that wherr (i) =

rank algorithm gives an approximation algorithm for rank aggre- T(j)’hthe"? Is rf1o||ordfgr forcedfmn. Whena s a fu[l rlankil?.g, we
gation with respect to all our metrics. It also vindicates the use of say thato is afull refinemeniof 7. Given two partial rankings

median in [7, 10]. These results are presented in Section 6. andr, both with domairD, we frequently make use of a particular
refinement ofo in which ties are broken according ta Define
Related work.Kendall [15] defined two variations of the Kendall  the r-refinement otr, denotedr * o, to be the refinement of
tau distance for partial rankings of which one is a normalized ver- with the following properties. For all, j € D, if o (i) = o(j)
sion of the Kendall tau distance through profiles. Baggerly [2] andt (i) < 7(j), thenTx o (i) < Tx o (j). If o(z) = o(j) and
defined two versions of the Spearman footrule distance for partial 7(i) = 7(j), thenTx o (i) = 7* o (j). Notice that whenr is in
rankings of which one is similar to our Spearman footrule metric fact a full ranking, therr x o is also a full ranking. Also note that
through profiles. However, neither work proceeds significantly be- x is an associative operation, so thapiis a partial ranking with

yond simply providing the definition. For top lists, which are
special case of partial rankings, Critchlow [4] defined Hausdorff

domainD, it makes sense to talk abopi& 7 o .

versions of Kendall tau and Spearman footrule distances and FaginNotation. When f andg are functions with the same domain,

et al. [9] studied further properties of these metrics. Goodman and € denote thel,
Kruskal [12] proposed an approach for comparing partial rankings, Li(f,9)

which was recently utilized [13] for evaluating strategies for simi-

larity search on the Web. A serious disadvantage of Goodman and

Kruskal's approach is that it is not always defined (this problem did
not arise in the application of [13]).

2.

Bucket orders.A bucket orderis, intuitively, a linear order with
ties. More formally, a bucket order is a transitive binary relation
< for which there are set8;, ..., B; (the bucket} that form a
partition of the domain such that< y if and only if there are, j
with ¢ < j suchz € B; andy € B;. If x € B;, we may refer td3;

as thebucket ofz. We may say that bucké; precededuckets; if

1 < j. Thus,z <y if and only if the bucket ofc precedes the bucket
of y. We think of the members of a given bucket as “tied”. A linear
order is a bucket order where every bucket is of size 1. We now
define theposition of bucket3, denotedpos(B). Let B, ..., B:

be the buckets in order (so that buckgtprecedes buckéd; when

i < 7). Thenpos(B:) = (32, [B;]) + (IBi] + 1)/2. Intuitively,
pos(B;) is the average location within buckBt.

PRELIMINARIES

Partial ranking. Just as we can associate a ranking with a linear
order (i.e., permutation), we associateeatial rankingo with each
bucket order, by lettingr (z) = pos(B) whenB is the bucket of

x. We refer to a partial ranking associated with a linear order as a

full ranking. When it is not otherwise specified, we assume that all
partial rankings have the same domain, dendiedVe say that:

is ahead ofy in o if o(z) < o(y). We say that: and y are tied

in o if o(x) = o(y). When we speak of the buckets of a partial

ranking, we are referring to the buckets of the corresponding bucket

order.
We define aop k list to be a partial ranking where the tdp
buckets are singletons, representing the koplements, and the
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distance betweerf andg by L:(f,g). Thus,

diep |F(@) —g(@)].

2.1 Metrics, near metrics, equivalence classes

A binary functiond is calledsymmetridf d(x,y) = d(y, x) for
all =,y in the domain, and is calleegular if d(z,y) = 0 if and
only if x = y. A distance measuris a nonnegative, symmetric,
regular binary function. Anetricis a distance measutkthat sat-
isfies thetriangle inequalityd(z, z) < d(z,y) + d(y, z) for all
x,y, z in the domain.

The definitions and results in this section were derived in [9],
in the context of comparing top lists. Two seemingly different
notions of a “near metric” are were defined in [9]: their first notion
of near metric is based on “relaxing” the polygonal inequality that
a metric is supposed to satisfy.

DEFINITION 1 (NEAR METRIC). A distance measure on par-
tial rankings with domainD is a near metricif there is a con-
stant ¢, independent of the size dP, such that the distance
measure satisfies the relaxed polygonal inequaliti(z, z) <
c(d(z,xz1) + d(z1,22) + -+ + d(xpn-1,2)) foral n > 1 and
Ty 2, X1y Tn—1 € D.

It makes sense to say that the constaig independent of the
size of D when, as in [9], each of the distance measures considered
is actually a family, parameterized by. We need to make an
assumption that is independent of the size @, since otherwise
we are simply considering distance measures over finite domains,
where there is always such a constant

The other notion of near metric given in [9] is based on bounding
the distance measure above and below by positive constant multi-
ples of a metric. It was shown that both the notions of near metrics
coincide! This theorem inspired a definition of what it means for

1This result would not hold if instead of relaxing the polygonal
inequality, we simply relaxed the triangle inequality.



a distance measure to be “almost” a metric, and a robust notion of ando» (such aswr1(i) > o1(j) ando2(i) < o2(j)) then let the

“similar” or “equivalent” distance measures. We modify the defini-
tions in [9] slightly to fit our scenario, where there is a fixed domain

DEFINITION 2 (EQUIVALENT DISTANCE MEASURES). Two
distance measurasandd’ between partial rankings with domain
D are equivalentif there are positive constants and ¢z, inde-
pendent of the size d, such thatc;d'(1,02) < d(o1,02) <
cad' (01, 02), for every pairo1, o2 of partial rankings.

It is clear that the above definition leads to an equivalence relation
(i.e., reflexive, symmetric, and transitive). It follows from [9] that a
distance measure is equivalent to a metric if and only if it is a near
metric.

2.2 Metrics on full rankings

The study of metrics on full rankings is classical (cf. [14, 5]).
We now review two well-known notions of metrics on full rank-

ings, namely the Kendall tau distance and the Spearman footrule

distance.

Let o1, o2 be two full rankings with domaiD. TheSpearman
footrule distances simply theL; distancelL: (o1, 02). The defi-
nition of the Kendall tau distance requires a little more work.

Let? = {{i,j} |7 # jandi,j € D} be the set of unordered
pairs of distinct elements. Th€endall tau distancdetween full
rankings is defined as follows. For each pgirj} € P of distinct
members ofD, if < andj are in the same order im; ando 2, then
let the penaltyi; ;(o1,02) = 0; and ifi andj are in the opposite
order (such asg being ahead ofi in o1 andj being ahead of
in o2), then letk; ;(o1,02) = 1. The Kendall tau distance is
givenbyK(o1,02) =3 4, }EPK j(o1,02). The Kendall tau

distance turns out to be equal to the number of exchanges neede

in a bubble sort to convert one full ranking to the other.

Diaconis and Graham [6] proved a classical result, which states

that for every two full rankings 1, o2,

K(o1,02) < F(01,02) < 2K(01,02). @)

penaltyKi’j (o1,02) =1.

Case 2:7 andj are in the same bucket in both, andos. We
then let the penalt;l_(}?(m,ag) = 0. Intuitively, both partial
rankings agree thatand; are tied.

Case 3:4 and j are in the same bucket in one of the partial
rankingso; and o2, but in different buckets in the other partial
ranking. In this case, we let the penalf\j(p) (o1,02) =p.

Based on these cases, defiié?, the Kendall distance with
penalty parametep, as follows:

Z K(P) 0.170.2)

{i,7}eP

K(P) 0.17 0.2

We now discuss our choice of penalty in Cases 2 and 3. If the

penalty value in Case 2 were strictly positive, tHéf”’ would not
even be a distance measure, since we could h&Ve(o, o) > 0.
If p = 0in Case 3, then we could havé® (o1,02) = 0 even
with o1 # o2, and so agairk ® would not even be a distance
measure. As for other choicespfit turns out thatk ® is a metric
for p € [1/2,1], and is a near metric fgr € (0,1/2). The proof
is deferred to the full version of the paper.

For the rest of the paper, we focus on the natural gasel/2,
since it corresponds to an “average” penalty for two elemeatsl
j that are tied in one partial ranking but not in the other partial
ranking. We denoté (/2 by K., since, as we now show, there
is an alternative but equivalent definition in terms of a “profile”.

Let O = {(i,5) : i # jandi,j € D} be the set of or-
dered pairs of distinct elements in the domdh Let o be a
partial ranking (as usual, with domain). For (i,7) € O, de-
finepij tobel/4if o(i) < o(j),tobe 0ifo(i) = o(j), and

0 be—1/4if o(i) > o(j). Define theK-profile of o to be
the vector(p;; : (¢,7) € O). Itis straightforward to verify that
Kprot(01,02) is simply theL; distance between thE -profiles

o1 and0'2 .2

It is clear how to generalize the Spearman footrule distance to

partial rankings—we simply take it to b, (o1, o2), just as be-
fore. We refer to this value aB..t(o 1, 02), for reasons we now

In other words, Kendall tau and Spearman footrule are equivalent explain. Let us define thE-profile of a partial ranking to be the

metrics for full rankings.

3. COMPARING PARTIAL RANKINGS

In this section we define the distance between partial rankings.

The first set of metrics is based on profile vectors (Section 3.1). t
and the second set is based on the Hausdorff distance (Section 3.2)

vector of valuesr (). So theF-profile is indexed byD, whereas
the K-profile is indexed by). Just as thé( .. value of two partial
rankings (or of the corresponding bucket orders) isithalistance
between theitK -profiles, theF}..¢ value of two partial rankings
(or of the corresponding bucket orders) is fhedistance between
heir F-profiles. SinceF},.os and Ko are L, distances, they are
automatically metrics.

Section 3.3 compares these metrics (when the partial rankings are

top k lists) with the distance measures for tofists that are devel-
oped in [9].
3.1 Metrics based on profiles

Let 1,02 be two partial rankings with domaifw. We now
define a family of generalizations of the Kendall tau distance to

partial rankings. These are based on a generalization [9] of thed

Kendall tau distance to toplists.

Let p be a fixed parameteg, < p < 1. Similar to our defini-
tion of K; ;(o1, o2) for full rankingso 1, o2, we define a penalty
f(fg)(al,ag) for partial rankingso'1, o> for {i,5} € P. There
are three cases.

Case 1:7 andj are in different buckets in botht; ando. If ¢
andj are in the same order i1, ando > (such asr1 (i) > o1(j)
andcrg( ) > o2(j)) then |etK(p)(0'1,0'2) = 0; this corresponds

“no penalty” for{z, j}. If i and] are in the opposite order i
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3.2 The Hausdorff metrics

Let A and B be finite sets of objects and létbe a metric of
distances between objects. THausdorff distancéetween4 and
B is given by

@
Although this looks fairly nonintuitive, it is actually quite
natural, as we now explain. The quantityin.,es d(y1,72)
is the distance between; and the setB. Therefore, the
quantity max~, c4 min+,ep d(y1,v2) is the maximal distance

max min d(y1,7y2), max min d(vy1,y2
Y1EAv2EB ( ’ )'y €EB~vy1€A ( ’ )

w(A,B) = max{

2Each pair{i, j} with i # j is counted twice, once &8, j) and
once agj, ). This is why the values gf;; arel/4, 0, and—1/4
rather thanl /2, 0, and—1/2.



of a member of A from the setB. Similarly, the quantity
maX~,e B Miny, ca d(v1,v2) is the maximal distance of a member
of B from the setA. Therefore, the Hausdorff distance betwegn
and B is the maximal distance of a member 4for B from the
other set. Thus4 and B are within Hausdorff distance of each
other precisely if every member of and B is within distances

of some member of the other set. The Hausdorff distance is well
known to be a metric.

Critchlow [4] used the Hausdorff distance to define a metric be-
tween topk lists. We generalize his construction to give a metric
between partial rankings. Given a metithat gives the distance
d(~1,72) between full rankings;; and~-, define the distance be-
tween partial rankings 1 ando to be

bo@

max {

where~; and~. are full rankings. In particular, whed is the
footrule distance, this gives us the metfig.,s between partial
rankings, and whed is the Kendall distance, this gives us the met-
ric Kuaus between partial rankings. BotAaus and Kiaus are

max min d(y1,72), max min d(y1,72)
Y1Z0o1 v2m02 V2ro2y1Zoq

indeed metrics, since they are special cases of the Hausdorff dis-

tance.

3.3 Discussion

Metrics on partial rankings naturally induce metrics on fop
lists. We now compare the metrics on tbgists that are induced

by our metrics on partial rankings with the distance measures on

top k lists that were introduced in [9]. Recall that for us, a fop
list is a partial ranking consisting @f singleton buckets, followed
by a bottom bucket of sizgD| — k. However, in [9], a topk list

is a bijection of a domain ontfl, ...,k}. Leto andr be topk
lists (of our form). Define theactive domain foro, T to be the
union of the elements in the tdpbuckets ofo and the elements

in the topk buckets ofr. In order to make our scenario compati-
ble with the scenario of [9], we assume during our comparison that
the domainD equals the active domain far, 7. Our definitions

of K@, Faus, and Kaus are then exactly the same in the two
scenarios. (Unlike earlier, even the case= 0 gives a distance
measure, since the unpleasant situation whét® (o1, 02) = 0
even thoughr, # o2 does not arise for top lists o1 andos.)

In spite of this, K®, Fiiaus, and Kuaus are only near metrics in
[9] in spite of being metrics for us. This is because, in [9], the ac-
tive domain varies depending on which pair of tefists is being
compared.

Our definition of K.t (o, T) is equivalent to the definition of
Kave (o, ) in [9], namely the average value &f (o, 7) over all
full rankingso, T whereo = o andr > 7. Itis interesting to note
that if o and T were not topk lists but arbitrary partial rankings,
then K., would not be a distance measure, sifi€g (o, o) can
be strictly positive ifo is an arbitrary partial ranking.

LetZ be a real number greater thanThefootrule distance with
location parametet, denotedf’® | is defined in [9] to be obtained,
intuitively, by treating each element that is not among the &op
elements as if it were in positiofy and then taking thé, distance.
More formally, lete and  be topk lists (of our form). Define
the function f, with domainD by letting f, (i) = o (i) if 1 <
o (i) < k,andfs (i) = ¢ otherwise. Similarly, define the function
f~ with domainD by letting f- (i) = 7(3) if 1 < 7(i) < k, and
f- (i) = ¢ otherwise. Thed¥) (o, 7) is defined to bé., (f-, fo ).

It is straightforward to verify thaF,..s(o, 7) = F9 (o, ) for
(= (|D|+Ek+1)/2.
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4. COMPUTING THE METRICS

It is clear from the definition that botk .. and Fy,.or Can be
computed in polynomial time. In this section we show how to com-
pute the Hausdorff metricKaus and Fiaus in polynomial time.

We make use of these results later to prove that all of our metrics
are in the same equivalence class. (Note that once we show in Sec-
tion 5 that all the metrics are equivalent, then it follows that both
the Hausdorff metrics can be approximated in polynomial time by
computing the profile metrics.)

First, we state a fact that we use often (proof omitted).

LEMMA 3. Suppose < bandc < d. Then|a—c|+|b—d| <
la —d| +1b—¢|.

We next show a simple lemma.

LEMMA 4. Let w be a full ranking, and leto be a partial
ranking. Suppose that # o. Then there exist, j such that
w(j) = w(i) + 1 whileo (j) < o (7). If o is in fact a full ranking,
theno (j) < o (7).

PROOF. Order the elements of the domaih={d;,...,d p}
SO thatﬂ'(d1) < 7T(d2) << 7T(d|D‘). If O'(dg) < O'(dz_H) for
all ¢, then we would havé(,..¢(o, 7) = 0, contradicting the fact
thatw # o. Hence, there must be somdor which o (de4+1) <
o(de). Settingi = d, andj = d¢+1 gives us the lemma.

If o is a full ranking, theno(j) # o (i), showingo(j) <
o(i). O

The next two lemmas are towards obtaining a characterization of
the Hausdorff distance.

LEMMA 5. Leto be a full ranking, and let be a partial rank-
ing. Then the quantity(o, ), taken over all full refinements
T = 7, is minimized forr = o 7. Similarly, the quantity< (o, 7),
taken over all full refinements > 7, is minimized forr = o 7.

PrROOF First, note that ifr = 7 then there is a full ranking
such thatr = 7+ 7. We show that' (o, 0% 7) < F(o, 7+ ) and
K(o,0% 1) < K(o,m=* 7) for every full rankingr. The lemma
will then follow. Let

U= {r | wisafullranking andt’(c,o% 7) > F(o,m*T)},

V ={rn | wisafullranking andK (c,o 1) > K (o, 7% T)},

andletS = U U V. If S is empty, then we are done. So suppose
not. Over all full rankingsr € S, chooser to be the full ranking
that minimizesK (o, ).

Sincew # o, Lemma 4 guarantees that we can find a pajr
such thatr(j) (i) + 1, buto(j) < o(i). Producer’ by
swappingi andj in w. Clearly, 7’ has one fewer inversion with
respect tar thanw does. HenceK (o, 7’) < K (o, 7). We show
thatw’ € S, thus giving a contradiction.

If i andj are in different buckets for, thens’xT = m7. Hence,
F(o,n'x7) = F(o,m* 1) andK (o, 7'* 1) = K(o,m* 7). S0 if
m € U, thens’ € U as well. Similarly, ifr € V, thenzt’ € V. In
either caser’ € S.

On the other hand, assume thandj are in the same bucket
for 7. Thenn'x 7(i) 7 7(5) and 7' * 7(j) mx 7(1).
Furthermore, since(:) < «(j) andi andj are in the same bucket,
we havers 7(i) < 7 7(j), while o (j) < o (7).

Eitherm € U or 7 € V. First, consider the case wherec U.
Substitutinga = 7* 7(i), b = w*x 7(j), ¢ = o(j), d = o(7) in
Lemma 3, we have

|75 7(5) — o ()| + 7"+ 7 (i) — o (3)|
s 7 (1) = o (G)] + [7x 7(4)
s 7 (@) — o (i) + [+ 7 ()

—o(i)]
—a(j)l

IN



We also havérn’x 7(d) — o(d)| = |7 7(d) — o(d)| foralld €
D — {i, j} sincern’ x 7 andrwx T agree everywhere but aand;.
Summing, we havé’ (o, 7'+ 7) < F(o,m 7). Sincer € U, then
F(o,mx 1) < F(0,0% 7). Son’ € U by transitivity.

Now consider the case whereec V. By our choice(j) =
m(i) + 1. Hencemx 7(j) = 7=+ 7(¢) + 1 sincei andj are in the
same bucket of. Similarly, 7’* 7 (i) = 7'+ 7(j) + 1. And as we
noted earliersr* = andw’ * 7 agree everywhere exceptiaand .
In other wordsr’ * 7 is justn’ * 7, with the adjacentelementsi
andj swapped. Since (i) > o(j) we see that’ x T has exactly
one fewer inversion with respect o thanw x 7 does. That is,
K(o,7'x1) < K(o,7m* 7). Sincer € V, we haveK (o, m* T) <
K(o,0x 7). Sor’ must be inV as well, by transitivity.

In either case, we have produced’ac S such thatk (o, ') <
K (o, ), contradicting the minimality ofr. Hence,S must have
been empty, as we wanted[]

LEMMA 6. Leto and T be partial rankings, and lep be any
full ranking. Then the quantity’(o, o * 7), taken over all full
refinements > o, is maximized whea = px Ry, Similarly,
the quantityK (o, o x ), taken over all full refinements - o, is

maximized when = px 7% 0.

PROOF First, note that for any full refinement > o, there is
some full rankingsr, such that = 7 o. We show that for all full
rankingsr that

Fpx % o, px 0% 0% T) F(rxo,mxo*T)

2
>

andK (px 7% o, px Tk 0% T) K(rxo,m*o%T)

The lemma will then follow.

LetU = {full 7 | F(px "« o, px ™0+ ox7) < F(r*
o,mxox7)} letV = {full 7 : K(px 8% o, px TR 0% T) <
K(rxo,mxoxT)},andletS = U U V. If Sis empty, then we
are done. So suppose not. Over all full rankings S, chooser
to be the full ranking that minimize& (p+ 7%, 7).

Sincerr # pr7%, Lemma 4 guarantees that we can find a pgir
suchthatr(j) = m(i)+1, butprr®(5) < perR(i). Producer’ by
swapping: and;. Clearly,7’ has one fewer inversion with respect
to p+ 7% thanm does. ThatisK (px %, 7') < K (px ™%, 7). We
now show thatr’ € S, producing a contradiction.

If : andj are in different buckets for, thenn’'x o = mx o.
Hence,F(r'x o, n'x o T) = F(rx o,mx o 1) and K (7' %
o,mxox7T)=K(rxo,mxox7). Soifr € U, thent’ € U.
Similarly, if # € V, thent’ € V. Hence;r must be inS.

Likewise, ifi andyj are in the same bucket for bathandr, then
swapping: andj in = swaps their positions in both* o * 7 and
mx 0. S0 again, we seB(r'x o, m'xox7) = F(nmx o, mx 0% T)
andK (n'x o, '« ox 1) = K(mx o, mo*T). As befores’ € S.

Now, consider the case whéerandj are in the same bucket for
o, but in different buckets for. First of all, 7'x o is justm* o with
1 andj swapped sincéand; are in the same bucket fer; further,
notice that and; are adjacentiftxo. Secondr’so*T = Txo*T
since: andj are in different buckets for.

Sincen (i) < w(j), we haverx o(i) < wx* o(j). Further,
T(i) < 7(j) sincepx TR (5) < px7R(3) andpx TR is a refinement
of the reverse of-. Hencerx o« 7(i) < w* ox 7(j). We have
two cases to consider. Eitherc U orm € V.

Let us first examine the case thatc U. Substitutinga
wxo(i),b=mx0(j),c =mxo*x7(i),d = wxox7(j), in
Lemma 3 gives us

|mx o (i) — mxox7T(i)| + |7k 0(f) — T 0% T(F)]
< Jmxo(i) —mxoxT())| + |7xo(j) — mx ox T(1)]

7' a(§) — 7' x axT(§)| + |7 o(i) — 1'% o T(i)|
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We also have thatr’ o (d) — n'x o x 7(d)| = |7 o(d) — 7
ox7(d)| foralld € D — {i,5}. Summing over all, we obtain
F(rxo,mxox7) < F(r'xo,m'xoxT). Sincer € U, we have
that F'(p* 7%+ o, px TR 0% 7) < F(mx o, % ox T). Hence,
7' € U by transitivity.

We now examine the case thatc V. From above, we see that
m'xox T = T ox T, While 7'x o andmx o differ only by swapping
the adjacent elemenisandj. Sincer’x o (i) > 7' * o (j) while
7'« ox 1(1) < 7'+ o* 7(j), we see that there is exactly one more
inversion between’xo andr’xoxT than betweemso andmxox 7.
Thatis,K (w0, mox7) < K (n'x0, m*oxT). By our assumption,
7w €V, henceK (px T+ o, px TR4 0% 7) < K(mx o, m% 0% T).

It follows that=’ € V.

So in each case, we have produced’ac S such thatK (p
7% 7') < K(p«7T, ), contradicting the minimality of. Hence,
S must have been empty, as we wantefl

Combining the previous two lemmas, we obtain a complete char-
acterization of the Hausdorff distance.

THEOREM 7. Leto and T be partial rankings, le® be the
reverse ofo, and letT® be the reverse of. Letp be any full
ranking. Then

Faus(o, 7) = max{ F(px o, pxO*T),
F(px 1% o, px ol x )}

Kitaus(0,7) = max{ K(px %o, pxo*T),
K(pxTxo,pxosT)}

PROOF We prove it for Fizaus. The proof for Kiaus is analo-
gous. Recall that

Faus (o, 7) = max {mgx m_rin F(o,1), max ngn F(o, 7')}
where throughout this proos; andr range through all full refine-
ments ofo and T, respectively. We showhax, min, F(o,7) =
F(px %% o,p* o+ 7). The fact thatmax, min, F(o,7) =
F(p* T o, px o™ ) follows similarly.

Think of o > o as fixed. Then by Lemma 5, the quantity
F(o,7), wherer ranges over all full refinements of, is mini-
mized whenr = o* 7. That is,min, F(o,7) = F(o,0% T).

By Lemma 6, the quantity’(c, o % 7), whereo ranges over
all full refinements ofo, is maximized where = px %% o.
Hence,max, min, F(o, ) R

Flpx %% o, px %% 0% 7).
Sincep* 8% o x T = p* o T, we havemax, min, F(o,7) =
F(px %% o, px ox 7), as we wanted. [J

Let o and T be partial rankings. Theorem 7 gives us a simple
algorithm for computingFiaus (o, 7) and Kuaus (o, 7): We sim-
ply pick an arbitrary full ranking» and do the computations given
in Theorem 7. Letr; = p*x R+ o, let = pxox T, let
o9 = p* T* o, and letry, = px o« 7. Theorem 7 tells us that
FHaus(U', 7') = max {F(O’l, T1), F‘(O’Q7 TQ)} andKHaus(a, 7') =
max {K(o1,71), K(02,72)}. Itis interesting that the same pairs,
namely(c1,71) and (o2, 2) are the candidates for exhibiting the
Hausdorff distance for both’ and K. Note that the only role that
the arbitrary full rankingo plays is to arbitrarily break ties (in the
same way fowr andT) for pairs(z, j) of distinct elements that are
in the same bucket in both and . A way to describe the pair
(o1, ) intuitively is: break the ties i based on the reverse of
the ordering inr, break the ties in- based on the the ordering in
o, and break any remaining ties arbitrarily (but in the same way in
both). A similar description applies to the péirz, 72).

The algorithm we have described for computifgaus(o, 7)
and Kuaus (o, T) is based on creating paifs1, 1) and (o2, 72),



one of which must exhibit the Hausdorff distance. The next propo-
sition gives a direct algorithm for computidgi..s (o, 7), that we
make use of later.

PROPOSITION 8. Let o and T be partial rankings. LetS be
the set of pairqi, j} of distinct elements such thaandj appear
in the same bucket @f but in different buckets of, let T be the
set of pairs{i, j} of distinct elements such thatnd j appear in
the same bucket of but in different buckets af, and letU be the
set of pairs{i, j} of distinct elements that are in different buckets
of botho and 7 and are in a different order inr and . Then
Kutaus(0,7) = |U] + max {|S], |T}.

PROOF. As before, letr; = px 78+ o, letmy = pxox T,
let oo = p* T o, and letrs = px o™ % 7. It is straightfor-
ward to see that the set of paifs j} of distinct elements that are
in a different order ino; andr; is exactly the union of the dis-
joint setsU and S. Therefore,K (o1, 71) = |U| + |S]. Identi-
cally, the set of pairgi, j} of distinct elements that are in a dif-
ferent order ino2 and, is exactly the union of the disjoint selté
andT, and henceK (o2, 72) = |U| + |T|. But by Theorem 7,
we know thatKtaus(o, T) max {K(o1,71), K(02,72)} =
max |U| + |S|,|U| 4+ |T|. The result follows immediately. [

5. EQUIVALENCE BETWEEN METRICS

In this section we show that all of our metrics are in the same

equivalence class. The following theorem is proved in three parts,

PrRoOF The first inequalityKuaus (01, 02) < Fhaus(01,02)
follows from the first Diaconis—Graham inequalify(o1,02) <
F(o1,02) and Lemma 10, where we let the roles &fd’ and
¢ be played byK, F, and 1 respectively. The second inequal-
ity Fuaus(o1,02) < 2Kwuaus(o1,02) follows from the sec-
ond Diaconis—Graham inequality(o1,02) < 2K(o1,02) and
Lemma 10, where we let the roles @fd’ andc be played byF,

K, and 2 respectively. (]

5.2 Equivalence off,..; and Ko

In order to generalize the Diaconis—Graham inequalitidg,to:
and K .o, We convert a pair of partial rankings into full rankings
in such a way that both thE,,.: and K ..+ distances between the
partial rankings is precisely 4 times tieand K distances between
the full rankings, respectively. Given a partial rankirng, with
domainD, produce a duplicate seR* = {i* : i € D}. Further,
produce a new partial ranking;?, with domainD U D* defined by
ot(i) = o (i*) = 20(i) — 1/2forall i € D.

Itis easy to see that® is a well-defined partial ranking. Further,
it is not hard to check that for any partial ranking

Fprof(au, Tu) 4F ot (o, T)
Kprof(o'u77'u) = 4Kprof(o'u7-)

In order for us to prove our theorem, we still need to coneert
from a partial ranking to a full ranking. For any full ranking
with domainD, define a full rankingr® with domainD U D* as
follows:

as Theorem 11 (Section 5.1), Theorem 15 (Section 5.2), and Theo-

rem 16 (Section 5.3).

THEOREM 9. The metricF rof, Kprof, Fiaus, aNd Kaaus are
all in the same equivalence class.

7 (d) 7(d) foralld € D
7 (d*) 2|D| + 1 —n(d) foralld € D

so thatr? ranks elements ob in the same order as, elements
of D' in the reverse order of, and all elements ob before all

As we discussed earlier, the above theorem shows that our met-glements ofD®.

rics are quite robust. The equivalence will come in handy when we

design aggregation algorithms for partial rankings in Section 6.

5.1 Equivalence offi... and K.

In this section, we prove the simple result that the Diaconis—
Graham inequalities (1) extend #aus and Kmaus. We begin
with a lemma. In this lemma, for metri¢, we defineduaus as
in (2), and similarly for metriel’.

LEMMA 10. Assume that andd’ are metrics where there is a
constantc such thatd < c - d’. Thenduaus < ¢ - dijaus-

PROOF Let A andB be as in (2). Assume without loss of gen-
erality thatduaus (4, B) = max,, e4 minq,ep d(v1,y2). Findy;
in A that maximizesnin, e s d(7y1,72), andyz in B that mini-
mizesd(~y1,72). Therefore,duaus(A4, B) = d(v1,7v2). Find 3
in B that minimizesd’ (v1,73). (There is such an; since by as-
sumption on the definition of Hausdorff distangeand B are finite
sets.) Thenliaus(A, B) = d(71,72) < d(v1,72), sincey. min-
imizesd(v1,72). Alsod(y1,73) < c¢-d'(y1,72), by assumption
ond andd’. Finally c- d’(v1,7v3) < ¢ dijaus (A, B), by definition
of djj.us @and the fact that, minimizesd’(vy1,v5). Putting these
inequalities together, we obtaitiaus (A4, B) < ¢ - dijaus(A, B),
which completes the proof.[]

We can now show that the Diaconis—Graham inequalities (1) ex-

tend toFgaus and Kgaus.

THEOREM 11. Let o7 and o> be partial rankings. Then

KHaus(UI,UQ) S FHaus(Ulyo'Q) S 2KHaus(o'l7o'2)-

53

We defines . = nx (o*). For instance, suppodgis a bucket
of o* containing the items, b, ¢, a*, b*, ¢*, and suppose that or-
ders the itemsr(a) < 7(b) < w(c). Theno, will contain the
sequence, b, ¢, c*, b, a*. Also notice that (o~ (a) + o+ (a*)) =
L(ox(b)+0.(b") = 2(0x(c) +0x(c")) = pos(B). In fact, be-
cause of this “reflected-duplicate” property, we see that in general,
foranyd € D,

.

2

The following lemma shows that no matter what orgleve choose,
the Kendall distance between, and 7. is exactly 4 times the
Kprof distance betweesr andr.

<(d) + or(d") = o*(d) = o'(d") = 20(d) — 1/2 (4)

LEMMA 12. Leto, 7 be partial rankings, and let be any full
ranking on the same domain. Thé&f(o », 7=) = 4Kprot (0, T).

PrROOF By cases. [

Notice that Lemma 12 holds for any choicemfThe analogous
statement is not true faF,..¢. In that case, we need to choose
specifically for the pair of partial rankings we are given. In partic-
ular, we need to avoid a property we call “nesting.”

Given fixedo, 7, we say that an elemendte D is nestedwith
respect tar if either

[ox(d),ox(d)] T [ra(d), Tx(d")]
or [7x(d), 7=(d)] T [ox(d),on(d")]

where the notatiolfs, t] C [u, v] for integerss, ¢, u, v means that
[s,t] C [u,v] ands # u, t # v. It is sometimes convenient to
write [u,v] O [s, t] for [s, ¢] T [u, v].



The following lemma shows us why we want to avoid nesting.

LEmMMA 13. Given partial rankingse, = and full ranking,
suppose that there are no elements that are nested with respect t
w. ThenF (o, 7x) = 4Fprot (0, T).

PROOF Letd € D. Sinced is not nested with respect to,
either

dh
dh)

o-(d) < 1x(d) ando(d*) < 7
o(d) > 7.(d) ando (d*) > 7
In either case, we see

|0 (d) = T (d)] + |0 (dF) — T (d?)]
| (d) — T (d) + o (d*) — 75 (d")]

But recall that} (o~ (d) + o (d") = 20(d) — 1/2 and similarly
for 7. Substituting gives us

jo(d) = T (d)] + lon (@) — 7 (d)| = 4|0 (d) — 7(d)|

Hence,

(
(

or

Flonts) = Y (lox(d) = 7a(@d)]| +|ox(d) - 7x(d)))
= > 4lo(d) —7(d)
deD

AFpot(or, 7). O

In the proof of the following lemma, we show that in fact, there is
always a full rankingr with no nested elements.

LEMMA 14. Let o, 7 be partial rankings. Then there exists
a full ranking = on the same domain such th&{(o,,7.) =
4Fpr0f(0', 7').

PrROOF We produce a full rankingr that has no nested ele-
ments. For any full ranking, we say itsfirst nestis ming 7 (d),
whered is allowed to range over all nested elementg;ofve say
its first nest isx if p has no nests. Choogeso that its first nest is
as large as possible.

If = has no nested elements, then we are done. Otherwise,
let a be the element such that(a) is the first nest ofr. By
definition, a is nested. Without loss of generality, assume that
[0x(a),0(a")] O [Tx(a),Tx(a")]. We findb € D so that
m(a) < w(b), and swapping: andb in 7 will leave b unnested.
To this end, let

$1={deD—{a} | [ox(a),0x(a")] T [on(d), o (d")]}

Sp = {d €D —{a} | [ox(a),0x(a")] 3 [n(d)m(d”)]}

Chooseb € S; — S2. To see such & exists, note thatS,| =
3|0 (a), ox(ah)]| — 1, while |Sa| < 5l[ox(a), ox(a®)]| - 2,

2
since[ox(a), o (a")] O [Tx(a), Tx(a")] buta is not counted in
Sa. Note thath € S, impliesa andb are in the same bucket fer.

It further implies thatr(a) < 7(b).

Furthermore,a and b are in different buckets fot-. To see
this, suppose that andb were in the same bucket far. Then
since m(a) < w(b), we would haver,.(a) < 7,(b) and
‘r,r(aﬁ) > ‘r,r(bﬁ). That is,[Tﬁ(a),Tﬂ(aﬁ)] J [Tﬁ(b),Tﬂ(bﬁ)].
But o is nested, so by our assumptiofy,(a),o(a*)] 3
[Tx(a), Tx(a¥)] 3 [T (D), T=(b")]. This contradicts the fact that
b ¢ S2. Hencea andb must be in different buckets far.

Now, producer’ by swappingz andb in 7. Sincer(a) < m(b),
we seer’ (b) = (a) < 7(b) = 7' (a). We wish to prove that the
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first nest forr’ is larger than the first nest fat, giving a contradic-
tion. We do so by showing thatis unnested forr” and further, that
d is unnested for’ for all d € D such thatr'(d) < #'(b) = 7(a).

% order to prove this, we need to examine the affect of swapping

andb in 7.

To this end, consider a buckBtof o. Let 7|z denote the or-
der thatr induces onB. Sincer’(d) = = (d) for all d such that
m(d) < m(a), we see that’|z(d) = w|s(d) for all suchd. Hence,
o (d) = o,(d) ando . (d*) = o, (d") for all suchd. Therefore,
for all d such thatr(d) < 7(a)

o (d), o ()] = [ox(d), ox(d")] ©)

Let B be the bucket of that containg andb. Thenr' | is justr |z
with a andb swapped. Sa’|z(b) = 7|s(a). Hence,o ./ (b) =
ox(a) ando . (b*) = o, (a*). Thatis,

o2 (0), 0 (V)] = [o(a), ox(d")] (6)

We now consider a buckét of . Arguing as we did for buckets
of o, we have that for alil such thatr(d) < m(a),

(72 (d), T (d")] [Tx(d), T (d")] @)

Now, let B be the bucket ofr that containsa. Sincer and =’
differ only by swappingz andb, andn’(a) > w(a), we see that
7'|5(a) > =|s(a). Hence, 7 (a) > 7x(a) and T (a*) <
Tr (aﬁ). That s,

(e (@), 7w (@)] S [rr(a), Tx(a")] ®)

Finally, let B be the bucket ofr that containsh. Sincen and
7' differ only by swappingz andb, and='(b) < = (b), we see
that7'|5(b) < 7|5(b). Hence,r(b) < 7.(b) and T,/ (b*) >
7, (b%). That s,

[T (), T (B)] 2 [T (b), T (bF)] 9)

We are now ready to prove the lemma. From (5) and (7), we see
thatd remains unnested for all such thatr’(d) < w(a) = =’ (b).
So we only need to show théats unnested for’ to finish the proof.

If b were nested forr’, then either[o ./ (b),o (b")] 3
[T (D), Trr ()] OF [T/ (b), Tor ()] T [0 (b), 0 (b%)]. First,
suppose thado . (b), o5 ()] T [T (b), T (b*)]. Then

[o(a), o x(a”)]

= [0 (b), o (b")] from (6)
[7.(b), 7. (b")] by supposition
[7(b), 7= (b%)] from (9)

But this contradicts the fact thdt ¢ S,.
[T (b), T (b9)] T [0 (b), 0 (bF)]. Then

3
2

Now, suppose that

[T (b), Tn (b)) T [0 (D), o (b")] by supposition
= [ox(a),o.(a")] from (6)
3 [rx(a), 7= (a")] ais nested, by assumption
> [rw(a), 7w (a)] from (8)

But this implies that: andb are in the same bucket far, a contra-
diction. Hencep must not be nested for .

Hence, if any element is nested forr’, it must be the case that
7'(d) > 7' (b) = w(a). That is, the first nest for’ is larger than
the first nest forr, contradicting our choice of. Therefore,w
must have had no nested elements. By LemmaFi3; ., 7.) =
4F0t (o, T), as we wanted. (]

Putting these two lemmas together, we conclude the following.



THEOREM 15. Let & and T be partial rankings. Then

Kprof(a-aT) S Fprof(o-yT) S 2Kprof(0-77—)-

PROOF Giveno andT, let 7 be the full ranking guaranteed in
Lemma 14. Then we have

Kpwot(o,7) = 4K(ox,T-) by Lemma 12
< 4F(o,Tx) from Diaconis—Graham
= Fprof(o', 7') by Lemma 14
And similarly,
Foot(o,7) = 4F(0x,7+) by Lemma 14
< 8K(ox,T~) from Diaconis—Graham

2K prof(o, 7) by Lemma 12. [

5.3 Equivalence ofk... and K.

We now show thaf{taus and K,.or are in the same equivalence
class.

THEOREM 16. Let o7 and o2 be partial rankings. Then

Kprot(01,02) < Kiaus(01,02) < 2Kprot(071, 02).

PROOF As in Proposition 8 (but where we let; play the role
of o ando > play the role ofr), let .S be the set of pair§:, j} of
distinct elements such thaand; appear in the same bucket®f
but in different buckets o0&, let T' be the set of pairgi,j} of
distinct elements such thaaind;j appear in the same bucket®$
but in different buckets of 1, and letU be the set of pair$:, j} of
distinct elements that are in different buckets of beirando; and
are in a different order i, ando . By Proposition 8, we know
that Kuaus(o1,02) = |U| + max{|S|, |T|}. It follows from the
definition of Kprof that Kprot (071, 072) = [U|+ 5|S|+ 3|T|. The
theorem now follows from the straightforward inequalitiég +
118|447 < |U|+max {|S],|T]} < 20U+ 3[S|+3|T). O

This concludes the proof that all our metrics are in the same equiv-
alence class.

6. AGGREGATING PARTIAL RANKINGS

In this section, we show how to use median-based algorithms to

achieve constant factor approximations for rank aggregation. Since
all of our metrics are in the same equivalence class, a constant fac

tor approximation for rank aggregation according to one of our met-
rics is a constant factor approximation for rank aggregation accord-
ing to all of our metrics. Our theorems will be stated in terms of
L., which gives thel,,.¢ metric.

Given a listay, . . ., am Of numbers, we letedian(as,. . . ,am)

We now recall the merits of median as an aggregation operator in
the context of databases, as discussed in [10]. In [10], the median
rank aggregation algorithm was implemented by using two cursors
for each attribute to implicitly rank the database objects with re-
spect to the query without having to sort for every query. This
ensures that the data is accessed in a localized and pre-defined or-
der, without any random access or extra storage, thereby permitting
extremely efficient implementations. In fact, this algorithm was
shown to be instance-optimal [11]—among the class of algorithms
that access the input rankings in sequential order, this algorithm is
the best possible algorithm (to within a constant factor) on every
input instance. Our results show that we automatically inherit the
benefits of the median rank aggregation even for partial rankings.

To see the simplicity of the whole algorithm, here is an instan-
tiation to obtain the top element: access each of the input (partial)
rankings, one element at a time, until some database object is seen
in more thanm /2 (i.e., more than half the number of the inputs)
times; output this object as the top result of the aggregation.

We now show that the median based algorithm achieves constant
factor approximations to the Spearman footrule distance in the fol-
lowing three interesting scenarios; the scenarios are based on what
kind of inputs/outputs (partial rankings, full rankings, or folists)
the aggregation algorithm handles. The proof of these results are
presented in a generalized form in Section 6.2.

From partial ranking to tog: lists. When the inputs are partial
rankings, we show that the median aggregation algorithm produces
a topk list that is within a factor of three of the optimum tégist
(in fact, we need to run the median aggregation algorithm only long
enough to output the firgt objects). Noting that a full ranking is
actually a tog D| list, we see that this also implies that the median
aggregation algorithm produces a near-optimal full ranking.

Given a functionf : D — R, it naturally defines a partial rank-
ing, denotedf, as follows: for alli, j € D, if f@) < f(4), then

setf(i) < f(j);if f(i) = f(j), then setf (i) = f(5).

THEOREM 17. Leto1,02,...,0, be partial rankings. As-
sumef € median(o1,...,0m), and leto be a topk list of f
where ties are broken arbitrarily. Then for every thpist 7,

iLl(U,C"i) S 3iL1(T,O’i).
=1 i=1

We remark that the output tdplist of Theorem 17 satisfies an even
stronger notion of optimality—it is the top list of a near-optimal
partial ranking.

From full rankings to full rankingsWhen the inputs themselves
are full rankings and the output is required to be a full ranking, we

be the set of values that would typically be taken as the median of show that the median aggregation algorithm gives a near-optimal

the list (note that ifn is odd, it is a set containing just one number).
More precisely, suppose that thg's are relabeled so that; <

-+ < Gm. Thenmedian(ai,...,an) is the set{aw} when
2

m is odd, and the sefam,am 1, (a% +ami1)/2} whenm is
even. Given a listfy,..., fm of functions, each mapping —

‘R, we abuse notation slightly and defineedian(f1, ..., fm) to

be the set of valid median functions. More precisely, we define
median(f1,..., fm) to be

{f:D—="R | f(d) € median(fi(d), ..., fm(d)),Vd € D}

full ranking, with an approximation factor of two. Note that the
guestion of whether the median based algorithm is a constant factor
approximation with respect to Kendall distance was left openin [7,
10]; our work answers this question in the affirmative.

THEOREM 18. Letoy,...,on, be full rankingg. Assumg €
median(o1, ..., om), and leto be a refinement of where ties are
broken arbitrarily. Thery"" | Li(o,03) <23 7" Li(T,0:) for
every partial rankingr.

From partial rankings to partial rankingis the above discussion,

We shall show that aggregation methods based on ranking objectswe assumed that the final goal of aggregation is to produce a full
according to their median ranks, and breaking ties arbitrarily when ranking (or topk list) that is good when compared against other
needed, provide constant factor approximations for rank aggrega-full rankings (or topk lists). In some applications, it may be desir-
tion. able (and sufficient) for the aggregation to obtain a partial ranking,
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but then the partial ranking should compare well against all partial
rankings (and not just full rankings or tégists). Based on the fact
that f gives a near-optimal aggregation (after suitable tie-breaking)
in both the topk case (Theorem 17) and in the case of full rankings
(Theorem 18), we would certainly guess thaalso gives a near-
optimal aggregation among partial rankings. Surprisingly, this is
not the case, as the next proposition says.

PROPOSITION 19. For each constant, there are partial rank-
ings o1,...,0., and a partial rankingo such that for each
f € median(o1,...,0m),

ZLl(f,Ui) > CZ Ll(O',O'i).
i=1 i=1
In fact, we can have = Q(|D|) in Proposition 19, wher® is the

domain of the partial rankings.
Even thoughf does not give us a near-optimal partial ranking,

we can obtain another near-optimal partial ranking that is based on

median rank. Unfortunately, the algorithm we use to obtain this

near-optimal partial ranking cannot be branded database-friendly,

as itis based on dynamic programming (described in Section 6.3).

THEOREM 20. Let o4,...,0,, be partial rankings, and as-
sumef € median(o1,...,0m). Suppose thaf' is a partial
ranking such that for all partial rankings, we haveL; (fT, f) <
Ly (7, f). Then for every partial ranking-, we have

m m

S Li(ff o) <2> Li(o,0).
i=1 i=1

Furthermore, anf that satisfiesL: (fT, f) < Li(, f) for all =
can be computed i®(] D|?) time by dynamic programming.

The rest of this section is devoted to proving these theorems. Sec-

consistent with each other, and there is a pajr € D such that
g(i) < g(j3)andf(i) > f(j). By reversing the roles afandj, we
obtain a contradiction to the fact thitand g are consistent with
each other. Although, as we just showed, this relationship is sym-
metric, it is not transitive, since the constant function is consistent
with all other functions. We definéf) to be the set of alpartial
rankingsthat are consistent witlfi.

Types. Let By, ..., B: be the buckets of the partial rankirgin
order (thus,pos(B;) < pos(B;) wheni < 7). We define the
type of o to be the sequencgs,|, |B|,...,|B:|, and denote it
by type(o). For example, ifo is a full ranking, thertype(o) is
the sequencé, 1, ..., 1 with the numberl appearing D| times;
atopk list is a partial rankingr wheretype(o) is the sequence
1,1,...,1,|D| — k, with the number 1 appearing befo®| — &
a total ofk times. Given a typex, define(f)., to be the subset of
(f) consisting of partial rankings with type.

LEMMA 23. Letf : D — R, leta be a type, and suppose
o € (f)a. ThenL, (o, f) < Li(7, f) for all partial rankings
such thattype(7) = a.

PROOF Consider the multisetsl = {o(z) : = € D} and
B = {f(z) : « € D}. ltis clear from the definition of partial
rankings and types that every partial rankingof type o corre-
sponds to a perfect matching betweBnand A. Since there is
a one-to-one correspondence betwéeand B defined byf, ev-
ery suchr also corresponds to a perfect matching betwaeand
B. Furthermore, the cost of this perfect matching (assuming that
the cost of matching € A with b € B is |a — b|) is precisely
Li(7, f). Thus, by Lemma 22, the minimum value bf(r, f) is
achieved when- is consistent withf, that is, when it belongs to
(fYa-Hence,Li(o, f) < Li(r, f). O

LEMMA 24. Letf : D — R, and letf be the partial ranking

tion 6.1 develops some basic machinery needed for the proofs. Secassociated with it. Letr be a refinement of. Then for every full
tion 6.2 presents a unified proof of Theorems 17, 18, and 20. Sec-rankingr, we havelL (o, f) < Li(T, f).

tion 6.3 describes the dynamic programming algorithm.

6.1 Basic machinery

We first develop some basic machinery for the proof. The fol-
lowing lemma, which is folklore and was previously noted in [10],
shows the importance of the median function for rank aggregation.
Basically, it says that median is the best function for minimizing
L1-norm quantities.

LEMMA 21. Letfy, fo,..., fm befunctions mappingy — R.
Assumef € median(fi,..., fm). Then for every functiog :
D — 7R,

YIATSIED SYACND)

The following lemma appears to be folklore. Note that Lemma 3
is, in fact, a special case of this lemma.

LEMMA 22. If A and B are two multisets of numbers of the
same size, and the cost of matchinge Atob € Bis |a — b|,
then the order-preserving perfect matching (i.e., the matching that
matches the-th largest element afl to the:-th largest element of
B) is a minimum cost perfect matching betwetand B.

Given functionsf : D — R andg : D — R, we say thatf and
g areconsistentvith each other if there is no pairj € D such
that f(i) < f(j) andg(i) > g(j). We now show that this no-
tion is symmetric in the role of andg. Assume thaif andg are
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PROOF. Assumes > f, and lets be a full ranking that is a
refinement ofo. We shall show that (o, f) < L1 (o, f), which
implies thatL: (o, f) < Li(7, f) by Lemma 23 (both have the
same type, namely, ..., 1 with 1 repeatedD| times).

To this end, lef3 be a bucket o&. Sinceo is a refinement of,
we see thay is constant over all € B; call this valuefz. Sinceo
is a refinement of, it follows that} ., o(¢) = |B| - pos(B). So
we have

STloG) = fsl > D (o) — f5)
1eEB 1€B
= |B|-|pos(B) — fs
= > lo@) - f5l.
i€B

Summing the above over all bucketsef we see thal, (o, f) >
Li(o, f), as we wanted. []

6.2 Unified proof of Theorems 17, 18, and 20

Theorems 17, 18, and 20 are special cases of the following theo-
rem, as we will show.

THEOREM 25. Let f1, ..., fn be functions mapping — R,
and assumef € median(f1,..., fm). Also, letS be a set of
functions (for instance, the set of taplists, or the set of partial



rankings). Suppose thgt is a function such that for all functions
g € S, we haveL:(f’, f) < Li(g, f). Then for all functions
g € S, we have

ZLl(f',fi) < 3ZL1(g,fi)-

If the functionsfi, . ..
(not necessarily irf),

, fm € S, then we have for all functiors

_ZLI(f’,fi) < 2ZL1(h,fi>.

PROOF

m

D (LS, ) + La(f, f:) by A ineq.

i=1

YL f) <
i=1

Z(Ll(g, £)+ Li(f, f:)) by assumption

=1

<

m

> (Lalg, fi) + La(fi, £) + La(f, £:)) by A ineq.

i=1

IN

m

3Y Li(g, f:) by Lemma21

=1

<

As for the second part,

m m

STLi(f f) < D (Lalf ) + La(f, £:)) by A ineq.
i=1 i=1

Z 2L+ (f, f;) by assumption, since eaghe S

=1

2> " Li(h, f;) bylemma21. [

=1

IA

If S is the set of topk lists, then combining Lemma 23 and The-
orem 25 gives us Theorem 17. Settiigo be the set of all full
rankings in Theorem 25, and using Lemma 24, Theorem 18 fol-
lows. Finally, settingS to be the set of all partial rankings in
Theorem 25, Theorem 20 is immediate once we are gjfen

6.3 The dynamic programming algorithm

Let|D| = n. We now describe an algorithm that given a function
f € median(f1,..., fm) for partial ordersf,..., fm, finds a
partial rankingf' so thatL: (fT, f) is minimized. (Note that the
algorithm does not actually negdto be a median function.) Using

the recurrence we define, it is easy to produce an algorithm running

intime O(n?) if we are allowed to us®(n?) space. If we make the
additional assumption thatf(7) is integral for alli, then we have

an algorithm that runs in linear space and tiMén?). Note that
this assumption is not very restrictive, since the median function for

To do so, we first need several definitions. For any with
0 <i < j <n,we define

J

C(ivj) = Z

L=i+1

it+j+1
f(é)—?

To motivate our definition oé(¢, ), imagine that we alter the type
of 7 so that there is a bucket startingiat 1 and going untilj.
Then the position of that bucket {2+, and the distance between
that bucket and’ (on the valueqi + 1,7+ 2,..., j}) is precisely
(i, ).

In general, letS be a sequence of integess, s1, . . ., st where
so < s1 < --- < 8. (Throughout the rest of our discussion, all
sequences will be integral.) Then we define

t—1

c(8) = Z c(Se, S041)

£=0

Intuitively, we think of eacls, as marking a point where one bucket
ends and the next begins. Put another way, suppgse 0 and

s+ = n. Then letg be the type defined by the sequenge—
S0,82 — S1,...,8 — st—1. We see immediately thatif € (r)g
then

t—1
Li(fm) = D elsesin) = elS)

£=0
Conversely, it is not hard to see similarly that every type corre-
sponds to an increasing integral sequence whose first element is
0 and whose last is. Hence, to find an optimal type, our dy-
namic programming algorithm will instead find the corresponding
sequence that minimizes).

To this end, we findn + 1 different integral sequences
S0, 81,82, ...,S8,. Forallj > 0, the sequencé; will have the
property that its first element (5 and its last element is Our goal
is to havec(S;) minimal over all such sequences.

We defineS, = 0, and recursively definé; = S;,,j, where
1o = argmin, [c¢(S;) + ¢(4, j)]. Then we have the following.

LEMMA 26. LetSy, Sq, ..., Sy be defined as above. Then for
all j and for all strictly increasing sequencey that start with0
and end withj, we have:(S}) > ¢(S;).

PROOF We proceed by induction. The cage= 0 is trivially
true. So assume that> 0 and that our claim is true for all indices
smaller thary.

Now, letS; be a strictly increasing sequence starting with 0 and
ending withj. Suppose the penultimate elementjfis . Then
there is a strictly increasing sequensgending withi such that
S; = &, j. By definition,c(S}) = ¢(S;) + (i, 5). But by induc-
tion, ¢(S7) > ¢(Ss). Henceg(S)) > (Si) +¢(i, j) > ¢(S;). O

Given the recurrence relation, it is a simple matter to calculate
S». Sincec(, j) can be calculated i®(n) time for allz, j, we see
there is a simple algorithm to calculags, in time O(n®). How-
ever, we can in fact calculatéi, j) in amortizedO(1) time. In the

a set of partial orders will always satisfy this when the median does case where we do not have memory restrictions, we simply utilize

not average two values (For instance, if we have a set oflues
a1 < a2 <... < am, we take the median value to h?mﬂj )
2

Suppose without loss of generality thafl) < f(2) < ... <
f(n). Letw be the usual total order oh, 2,...,n. LetT be
the partial ranking that minimizeb: (7, f), and leta be its type.
By Lemma 23, we know that iff" € (), then Li(fT, f) <
L,(7, f). Hence, to find an optimal partial ranking, we simply

the following recurrence:
t+J

eli=1, 1) = e(i, )+ 1) - 57 .

Hf(j +1) -
Using this, we can calculatg(i, 5) for all i, j in O(n?) time, but
O(n?) space.

If 2f(4) is integral for alli, then we can calculats,, in linear

need to find an optimal type. We can determine such an optimal space and(n?) time using a slightly more complicated algorithm.

type using dynamic programming.
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The details are omitted.



7. CONCLUSIONS

In this paper we consider metrics between partial rankings, moti-

[10]

vated by need for such metrics in various database applications. We

define four intuitive and natural metrics between partial rankings.
We obtain efficient polynomial time algorithms to compute these

metrics. We also show that these metrics are all within constant
multiples of each other. Armed with this, we obtain a constant fac-
tor approximation algorithm for aggregation with respect to each of
the metrics by obtaining a constant factor approximation algorithm
with respect to just one of them. Our algorithm is based on median
rank and admits very efficient database-friendly implementations.
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