Synopses for Query Optimization: A Space>Complexity
Perspective

Raghav Kaushik
Microsoft Research

skaushi@microsoft.com

ABSTRACT

Database systems use precomputed synopses of data to esti-
mate the cost of alternative plans during query optimization.
A number of alternative synopsis structures have been pro-
posed, but histograms are by far the most commonly used.
While histograms have proved to be very e ective in (cost es-
timation for) single-table selections, queries with joins have
long been seen as a challenge; under a model where his-
tograms are maintained for individual tables, a celebrated
result of loannidis and Christodoulakis observes that errors
propagate exponentially with the number of joins in a query.

In this paper, we make two main contributions. First, we
study the space complexity of using synopses for query op-
timization from a novel information-theoretic perspective.
In particular, we o er evidence in support of histograms
for single-table selections, and illustrate their limitations for
join queries. Second, for a broad class of common queries
involving joins (speci cally, all queries involving only key-
foreign key joins) we show that the strategy of storing a
small pre-computed sample of the database yields prob-
abilistic guarantees that are almost space-optimal, in the
sense that in order to provide the same guarantee as sam-
pling, any strategy requires almost the same amount of
space. This is an important property if these samples are to
be used as database statistics. This is the rst such optimal-
ity result, to our knowledge, and suggests that pre-computed
samples might be an e ective way to circumvent the error
propagation problem for queries with key-foreign key joins.
We support this result empirically through an experimental
study that demonstrates the e ectiveness of pre-computed
samples, and also shows the increasing di erence in the ef-
fectiveness of samples versus multi-dimensional histograms
as the number of joins in the query grows.

1. INTRODUCTION

Query optimizers use synopses of the contents of a
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database to decide the most e cient plan of execution, e.g.,
[31], and synopsis-based cost estimation is widely recognized
as one of the central challenges in query optimization. Using
histograms as a synopsis method has been extensively stud-
ied [18]. Several previous e orts such as [17, 20, 21, 22, 29]
have focused on constructing single and multi-dimensional
histograms that are optimal.

On the other hand, to the best of our knowledge, the only
study of the hardness of the problem of using synopses for
cost estimation is [19]. In this widely cited paper, the error
in the estimate of the join result size is shown to grow ex-
ponentially as the number of joins increases. The model of
estimation used for joins is that the data distribution in the
join columns for each individual relation is independently
approximated, say through a histogram, and that the join
result is estimated by joining these approximated distribu-
tions. This model is consistent with what most database
systems implement in practice. However, the conclusions of
this study do not apply to synopsis techniques that follow
a di erent estimation model. For example, techniques such
as the recently proposed sketches [2, 3] are not covered by
this model since they summarize the data distribution in
the join column of a relation into a single number without
storing, either accurately or approximately, the frequency of
any individual join element.

In this paper, we study the problem of using synopses
for query optimization from a space-complexity prespective.
We assume an estimation model that works in two phases
I a pre-processing phase that processes the database and
computes synopses, and a run-time phase that, given an in-
put Select-Project-Join (SPJ) query, uses these synopses to
provide an estimate of the result size. This model covers all
techniques that do not examine the data during optimiza-
tion time, which includes most proposed techniques includ-
ing histograms and sketches. An example of a technique
not covered by our model is adaptive sampling [24]. We fo-
cus on three kinds of error | absolute error, de ned as the
(absolute value of) the di erence between the correct result
and the estimated result; ratio error, de ned as the ratio
between the estimated result and the correct result; and
relative error, de ned as the ratio of the absolute error to
the correct result (the ratio and relative error measurements
assume that the result is non-empty).

Our rst main contribution is a series of results that shed
light on the use of synopses for cost estimation, and in par-
ticular, the strengths and weaknesses of histograms on indi-
vidual tables. We begin by showing that under our estima-



tion model, for the class of SPJ queries, unless the synopsis
essentially contains the whole database, it is impossible to
guarantee low ] i.e., constant or polylogarithmic | error
bounds (Corollary 3). The proof is information-theoretic
and holds irrespective of whether the estimation process is
deterministic or probabilistic, and covers even the simplest
case of single-column selections.

This negative result suggests that we must be willing to
tolerate looser error guarantees, which are known to be pro-
vided by histograms for single-column selections. This is in
keeping with traditional wisdom that histograms are su -
cient to handle single-column selections in practice. Indeed,
we show that for single-column selections, histograms are al-
most optimal, in that for a given absolute error requirement,
they provide the best possible space complexity, even con-
sidering probabilistic alternatives. This is our second result
(Section 3.2), and it di ers from prior work on construct-
ing optimal histograms such as [20, 17, 21, 22] in that we
characterize the relative optimality of histograms versus all
other synopsis structures covered by our estimation model.

Next, we consider queries with joins, and show (Sec-
tion 4.1) that the space needed to provide a similar absolute
error guarantee is higher, adding further evidence (comple-
menting the error-propagation result of [19]) that maintain-
ing histograms on individual tables is not a promising ap-
proach to estimating the cost of join queries.

We observe that this negative result does not hold for the
special case of key-foreign key joins, and this leads to our sec-
ond main contribution, which is to show that pre-computed
samples are an e ective approach to estimating the cost of
queries with (arbitrarily many) key-foreign key joins. We
model the special case of queries with (only) key-foreign key
joins as a distributed selection over a single \fattened" ta-
ble de ned by pre-computing all the joins. We show that by
keeping a small sample of the pre-computed join and esti-
mating the query cost by running the query on the sample
and scaling up results, we obtain an estimate that is prov-
ably good with high probability (Theorem 7). Our estimate
has the property that when the query result size is high,
there is a probabilistic bound on the ratio error, whereas
when the query result size is small, there is a probabilis-
tic bound on the absolute error. This ts nicely with the
observation that ratio error matters more for larger results
and absolute error matters more for smaller results. We
also show that the amount of space consumed by this solu-
tion for a given guarantee is almost optimal (Section 4.3).
Our empirical results show the e ectiveness of this solution
versus multi-dimensional histograms as the number of joins
grows. We note that this strategy is an extension of join
synopses, which have been proposed for approximate query
processing [1], to the problem of query optimization, where
the space and error requirements are very di erent.

2. PRELIMINARIES
2.1 Data Model

A (k; t) database schema D consists of a xed set of re-

paper, we X k to be a constant.

An (N;t)-database instance | populates each relation R;j
with a multi-set of Nj tuples, such that the maximum
among all Nj is N. Each value in a tuple is drawn from

is said to be an I(  k)-relation instance if only | relations
are non-empty.

2.2 Queries

An (N;t)-query Q is a relational algebra expression in-
volving the operations ; and ./ (in other words, we only
consider SPJ queries) over the (k;t) database schema and

mantics for these operations.

We refer to a nite class of (N;t)-queries as an (N;t)-
workload. For a workload Q consisting only of SPJ queries,
let size be a function that given an (N; t)-database instance
I and query Q 2 Q, returns its result size measured as the
number of rows returned. For instance |1 and integer f, the
subset of Q with result size < f is de ned as the set of f-
small queries, and its complement is de ned as the set of
f-large queries.

2.3 Error Metrics

One central goal of maintaining statistics over a database
is to estimate size approximately. An error metric is a func-
tion err that takes as input a number x to be approximated,
an error bound e, and returns an interval on the real line.
Statistics computed over a database typically target a spe-
ci c error metric. We consider three error metrics in this
paper:

Absolute error: abserr(x;e) =(x e;x+e) fore>0,
the interval consisting of all integers between, but not
including x e and x +e.

Ratio error: For e 1, ratioerr(x;e) = (x=g; e:x).
Relative error: For 0 < e < 1, relerr(x;e) = (x(1
e);X(1 + e)). Note that a relative error of e > 1 is
not interesting since we could always return 0, which
attains the bound 1.

2.4 Estimation Model

An estimator E(Q) for an (N; t)-workload Q consists of a
pair of functions <SF;EF=>, called respectively the sum-
marizing function and the estimator function. For any
(N; t)-instance I, SF (1) returns a synopsis S. At optimiza-
tion time, given Q 2 Q, EF(Q;S), returns an estimate of
size(l; Q). EF is only allowed to access the summary S, and
not | itself. We do not restrict the computational power of
either function.

Since the computational power of the estimator function
is not restricted, we require it to be deterministic. On the
other hand, we do allow the summarizing function to be
randomized. A randomized summarizing function SF(l;r)
takes an additional input r, a random string r chosen uni-
formly from a ( nite) domain Rand, and produces a sum-
mary S. We do not place any restriction on the size of
Rand, so long as it is nite. For the same | and Q, we ob-
tain di erent summaries Sy depending on the random string
r. Without loss of generality, we assume that all summaries
Sr consume the same amount of space. An estimator is
said to be deterministic if the summarizing function is de-
terministic, and randomized if the summarizing function is
randomized.

For an error metric err and an error bound e:

A deterministic estimator E =<SF;EF> is said to
succeed for query Q over instance | if EF(Q;S) 2
err(size(l;Q);e), and is said to fail otherwise.



A randomized estimator E =<SF;EF> is said
to succeed with probability p for query Q over
instance | if a fraction of at least p of all the
random strings r yield summaries S, such that
EF(Q;Sy) 2 err(size(l; Q);e).

Fix a workload Q and an estimator E for Q. Let I be an
instance and Q,; Q. E is said to have p-success for I over

Q|, if:

1. E is deterministic and it succeeds on a fraction of at
least p queries in Q.

2. E is randomized and for each query in Qy, it succeeds
with probability at least p.

This model of estimation covers all proposed techniques
for statistics estimation that do not examine the data at op-
timization time, such as histograms and sketches. We relate
deterministic and randomized estimators through the fol-
lowing property, obtained by a simple averaging argument,
which is useful in later sections.

Property 1.: If there is a randomized estimator for a
workload Q that has p-success over instance I, then there
is a deterministic estimator for Q that consumes the same
amount of space and also has p-success over 1.

2.5 Space Complexity

Clearly, we are interested in estimators where the sum-
mary does not consume too much space. Fix an (N;t)-
workload Q.

The space consumed by an estimator E(Q), Space(E), is
de ned to be the maximum space consumed by the synopsis
S among all (N;t)-instances.

For error metric err, error bound e, real num-
ber p;0 < p < 1 and positive integer f, we de ne
LARGESPACE:r(Q;e;p;f) to be smallest s such that
there is an estimator E for Q: (1) with Space(E) = s, and
(2) which for each (N;t)-instance, has p success over the
subset of f-large queries; here success is de ned with respect
to err and error bound e. We de ne SPACE:(r(Q;e;p) to
be LARGESPACE:(+(Q;e€;p;1)

2.6 Relationship between the error metrics

Finally, before moving on to the rest of the paper, we
relate the three error metrics through the following property.

Property 2.: Assume we have xed a workload and an
instance.

1. If an estimator succeeds on a non-empty query Q with
respect to the relative error metric, where the error
bound is 1 1=e (¢ 1), then it also succeeds with
respect to the ratio error metric with error bound e.

2. Suppose estimator E succeeds on a non-empty query
Q with respect to the absolute error metric with error
bound e 1(e 1). Then the estimator E® which be-
haves exactly like E, except that it returns an estimate
of 1 when E returns 0, succeeds with respect to the ratio
error metric with bound e.

3. SINGLE>COLUMN SELECTIONS

We begin with a study of the simplest case of single-
column selections, which is deemed largely solved in prac-
tice. Nonetheless, it is of interest because any lower bounds

that we obtain for this case carry over trivially to more com-
plex queries. Further, since we are interested in space com-
plexity of estimators, the results we show in this section for
histograms complete the picture.

We rst show that unless we essentially store the whole
database, it is impossible to even probabilistically guarantee
small ratio errors for single-column selections. If we allow
queries that are empty, then this result becomes trivial since
any strategy that yields any bound on the ratio error must
return O if the correct result size is 0, and hence can be used
to identify the values present in the database. Hence, in or-
der to make our study meaningful, for the rest of the paper,
we only consider queries where the result is not empty. In
particular, we assume that the database is not empty.

3.1 Lower Bounds

We rst prove the following general theorems which lead
to the results we show in this section.

Ratio and Relative Errors

Theorem 1.:
metric between:

Fix a real number ¢ 1. Pick an error

1. the ratio error metric with bound c,
2. the relative error metric with bound 1  1=c

Fix positive integers t, N, f % and s <

thg-ci(log, 5 1) 1. Consider the (N;t)-workload
Q of single-column equality selection queries. Fix an esti-
mator E for Q, such that Space(E) s. Then, there exists
a family of single-relation (N;t)-instances such that for a
majority of these instances, E has less than 1/2 success over
the subset of f-large queries.

Proof: By Properties 1 and 2, it is su cient to show this
result for deterministic estimators and the ratio error metric.

Let n = t:bc's\‘?c. Consider the (k;t)-database schema.
Let 1(N;t) be the family of instances obtained by placing
each i 2 f1;2;:::;ng in the (i mod t)th column of R; and
setting its frequency to be one of fF;f:c?; f:c*; f:c®; f:c®g.
In order to set the number of rows to N, we add nulls that

Il up the relation appropriately. All other relations in the
schema are empty. The number of instances in I (N;t) is 5".

The subset of f-large queries of Q includes all queries of

Every synopsis S produced by E yields a unique instance
1° obtained by successively nding an estimate of the fre-

quency in 1° is within a factor of ¢ of the frequency in I
(call it close(l;1%). The number of I 2 I(N;t) such that

close(l; 1% d5e is at most dge 53¢ Now, we have
2
that:
1
s n b%c SAN g
2 doe 5 2°2"5
< 16"
2
1 Ps
: S « Z(_2\n
since 2 2( > )

Hence, at least half the relation instances in I(N;t) di er
from each possible instance 1° that the estimator function



could output, on at least half the values by a factor of c.
Thus, the estimator must fail on at least d5e values on each
of these instances. 2

Absolute Error

An absolute error requirement is stronger than a ratio error
requirement. As the following theorem shows, the lower
bounds for absolute error are stronger.

Theorem 2.: Fix a real number ¢ 1. Fix the error
metric to be the absolute error metric with bound c.Fix
positive integers t, N, f L, and s < tbghrci(log, 5
1) 1. Consider the (N;t)-workload, Q of single-column
equality selection queries. Fix an estimator E for Q, such
that Space(E) s. Then, there exists a family of single-
relation (N;t)-instances such that for a majority of these
instances, E has less than 1/2 success over the subset of f-

large queries.

Proof: The proof mimics the argument of Theorem 1 for
absolute errors. The only di erence is that the frequencies
are set to be one of ff; f + 2:c; f +4:c; f +6:c;f +8:cg. 2

Corollary 3.: Consider the (N;t)-workload, Q of
single-column equality selection queries. Fix constant ¢ 1.

particular, SPACE aticerr(Q;¢;1=2) 2 (N:t).

2. LARGESPACE elerr(Q;1  1=c;1=2;f) 2 (N:t=F).
In particular, SPACEcierr(Q;1 1=c;1=2) 2 (N:t).
3. LARGESPACEapserr (Q;c;1=2;F) 2 (N:t=F). In

particular, SPACEapserr(Q;C;1=2) 2 (N:t).

Suppose we are allowed errors that are \small" functions
(e.g., polylogarithmic in N). We have:

Corollary 4.: Consider the (N;t)-workload, Q of
single-column equality selection queries. Fix an error func-
tion e(N) 1.

1. SPACE atioerr(Q;e(N);1=2) 2 (N:t=e®(N)).
2. SPACE eterr(Q;1  1=e(N);1=2) 2 (N:t=e®(N)).
3. SPACEapserr(Q;;1=2) 2 (N:t=e(N)).

In particular, if e(N) 2 polylog(N), each of these lower
bounds is in  (t:N=polylog(N)). The above results show
that in general, no strategy for statistics estimation, whether
deterministic or randomized, that is covered by our estima-
tion model | including histograms, sketches and wavelets
I can guarantee small errors for even the simplest case
of single-column selections, unless essentially the whole
database is stored as a synopsis.

3.2 Histograms are Almost Space>Optimal

The above lower bounds hold for the simplest case of single
column selections, which is contrary to traditional wisdom
that histograms are su cient for this case. The reason is
that, at least for single column selections, higher errors can
be tolerated in practice.

Consider single relation instances with N rows and t
columns. Lete: Z ¥ Z denote an error function. It is
known that an equi-depth histogram on each column with

d2:eIZIN) e buckets yields an absolute error of at most e(N) for

single-column equality and range selection queries [28]. For
instance, an equi-depth histogram with 20 buckets yields an
absolute error of at most 10% of the number of rows in the
table.

Now, from Corollary 4, we know that any deterministic
or randomized estimator that yields an absolute error of
e(N) for single-column equality selection queries must use
space (t:N=e(N)). Hence, we conclude that histograms are
almost space optimal for single-column selections.

4. JOINS

We begin with a discussion of arbitrary joins, and then
move on to key-foreign-key joins.

4.1 Arbitrary Joins

We now consider instances with (in general) more than
one non-empty relation. Performing a 2-way self-join over
a relation squares the frequencies of its elements. Based on
this observation, we obtain the following results.

Theorem 5.: Fix a real number ¢ 1. Pick an er-
ror metric between (1) the ratio error metric with bound c,
(2) the relative error metric with boundpl_ 1=c. Fix posi-
tive integers t, N and s = t:bé\‘—‘lc:(log2 5 1) 1. There
exists an (N;t)-workload Q of queries with 2-way equijoins
and single-column equality selection, such that any estima-
tor E for Q which, for each (N; t)-instance, has 1/2 success
over the subset of non-empty queries in Q, must satisfy:
Space(E) s.

Proof: This follows by reducing the single-column equality
selection problem to a problem involving equi-joins. Con-
sider the family of relation instances used in the proof of
Theorem 1, setting f = 1. Consider the following strat-
egy to estimate the frequency of any element i in 1. We
estimate the size of the query ¢, =i(R1 /c,, Ri) (here,
a =i mod t), and use its square root as the estimate for the
frequency of i. If the self-join estimator has ratio error c,
then Egis estimate for the frequency of i has ratio error at
most = ¢. Hence, the result follows from Theorem 1. 2

We note again that an absolute error requirement is
stronger than a ratio error requirement and hence, we ob-
tain a tighter bound for absolute errors, by essentially the
same proof as above.

Theorem 6.: Fix a real number ¢ 1. Set the error
metric to be the absolute error metric Witpﬁound c. Fix pos-
itive integers t, N and s =t1b§B§CZ(|ng 5 1) 1. There
exists an (N; t)-workload Q of queries with 2-way equijoins
and single-column equality selection, such that any estima-
tor E for Q that, for each (N;t)-instance, has 1/2 success
over the subset of non-empty queries in Q, must satisfy:
Space(E) s.

Hence, in particular, if we want to esgmate two-way join
sizes with an absolute error of say, =N, then we need

(t:N®*) space. In particular, building a histogram on each
relation of = N buckets is not su cient.

We obtain a corollary analogous to Corollary 3 which
shows that for all SPJ queries, no strategy for statistics es-
timation can guarantee small errors unless essentially the
whole database is stored as a synopsis.



pro cedure Sample(Sch, x)
/I Sch is a star schema with fact table F

/land dimension tables D1;:::; D
/IThis procedure creates a sample of size x
begin

1. Compute FatF = the star join
F ./ D1.l:::.] D
2. for (i from 1to x)
3. draw a random row from FatF
4. These x rows form the synopsis S
end
pro cedure UseSample(Sample S, Query Q)
/I Q is a star-join of the form
I pe (F) .l pi (Dig) /i py (Dig)
IIij 2 11;:::,1g, each Pi; and pg is a predicate
begin
1. Let QO: Piy "M Pig N PE (S)
2. Run QY%to obtain r rows
3. Return r:N=x, where N is the number of rows in FatF
end

Figure 1: Sampling estimator for star schema
4.2 Key-ForeignKeyJoins

Consider the problem of estimating the result sizesof SPJ
queries where we focus only on key-foreign key joins, which
is the most common casein practice. For a large class of
schemas, such as star schemas, an SPJ query with only key-
foreign key joins is a selection query over the \fattened" fact
table where all joins are pre-computed. For example, if a star

then if we de ne FatF to bethe star join F ./ Ry ./ 1./
Ry, then astar-join query of the form . (F) ./ 5 (Ri,) ./

pim (Rim ) isequivalent to o ~:np  ~pe (FatF). Based
on this obsenation, we model the problem of SPJ query
estimation to be one of estimating selections over a single
table. This strategy is an extension of join synopses which
have been proposed for approximate query processing[1],
to the problem of query optimization. We refer the reader
to [1] for a detailed analysis of the classof querieswhere this
strategy is applicable.

In our setting, we model this by restricting ourselves to
selection queries over single-relation (N;t)-instances. With-
out loss of generality, we assumethat the only non-empty
relation (in the (k;t)-database schema) is R;. Consider an
estimator where the summarizing function takesa uniform
sample of x rows from R1, and the estimator function, given
a selection query, simply evaluates it on the sample and
scalesup the result size. The procedure for a star schema is
shown in Figure 1. Call this estimator Sample(x).

Theorem 7. Letx 2 Z with x > 0. Consider the (N;1)-
workload of selection queries over R;. The randomized esti-
mator Sample(x) hasthe following property. For any (N;t)-
instance, it suceeds with probability 1 (1=€* + 1=€'®=%)
(1) for each (16N=x)-small query with respect to the ab-
solute error metric with bound 16N=x, and (2) for each
(16N =x)-large query with respect to the ratio error metric
with bound 2.

Pro of: Since we only consider single-relation (N;t)-
instances, where only R; is non-empty, we know that the
number of rows in R; is N. Consider a query Q that
selectsr rows out of N. Then, sincethe sampling processis
uniform, with respect to Q, it can be viewed as a Bernoulli
trial where the successprobability is §-.

Supposerunning Q on the sample yields Y rows. Then,
the estimate for this query is (N=x)Y. The expected value

of Y isrx=N, i.e., we expect the result sizeto be scaleddown
in the sample. Hence, we expect the estimator to return the
correct value r. In order to assesshow far it deviates from
the expected value, we use Cherno bounds. We consider
the casewhen Y is above its expected value.
PrlY (1+ )rx=N] e O%(=3v)
L PrINY=x 1+ )r] e QfresN)
And
Prly (@ )rx=N] e ¢ )2(rx=2N)
, PriNY=x (1 )r]

Setting = 16N=rx, we get

e O(rx=2N)

Pr[NY=x r+ @] e @BN=rx)?(rx=3N)
e 256N =@ x)
e % ifr  16N=x
Similarly, setting = 1, we get:
PriNY=x 2r] e N=E@BN)
e % ifr  16N=x

Finally, setting = 1=2, we get:

PriNY=x r=2] g MFEN)
e 2ifr 16N=x

This provesthe result. 2

What is interesting about this solution is that this guar-
antee holds irr esgective of the data distribution. This is in
contrast with the attribute value independenceassumption
made by commercial optimizers that is known to lead to
large estimation errors [5]. Note also that the above guar-
antees do not assumeanything about the nature of the se-
lection predicate. Hence,this result holds for equality, range
and even disjunctiv e selections.

By using a simple averaging argument, we can show that:

Cor ollar y 8.: For any class of selection queries, the
fraction of all random samplesthat suaeed (in the senseof
Theorem 7) for a fraction of at least f;0 < f < 1 of the
queriesis (1 1=¢¢ 1=€=% f)=(1 f).

Setting f = 0:6, we nd that about 65% of all random sam-
plessucceedfor at least 60% of all queries. Hence,a majorit y
of the random sampleshave a high successratio.

As discussedin the work on join synopses[1], by suitably
maintaining multiple pre-computed samples, we can extend
the above properties to arbitrary SPJ queriesover snow- ak e
schema. Indeed, for any xed join template, irrespective of
whether the joins are key-foreign key, or even equijoins, as
long as the join sizeis linear in the size of the basetables,
we can easily extend the sampling strategy to handle this
case.

4.3 Samplingis Almost Space-Optimal

Consider a function f : Z ! Z. If FatF has N rows
and t columns, Sample(dl6:N=f(N)e) has d16:N=f(N)e
rows and t columns. In other words, the space consumed
is t:d16:N=f (N)e \cells". The (probabilistic) guarantee
yielded is that of a constant ratio error for all f (N)-large
(single-column and multi-column) queriesin addition to an
absolute error of f (N) for f (N)-small queries.



