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ABSTRACT
In this paper we propose a new bottom-up query evalua-
tion method for stratified deductive databases based on the
Magic Set approach. As the Magic Sets rewriting may lead
to unstratifiable rules, we propose to use Kerisit’s weak con-
sequence operator to compute the well-founded model of
magic rules (guaranteed to be two-valued). We show that its
application in combination with the concept weak stratifica-
tion, however, may lead to a set of answers which is neither
sound nor complete with respect to the well-founded model.
This problem is cured by introducing the new concept soft
stratification instead.

1. INTRODUCTION
The Magic Sets rewriting [3, 5] technique for query evalu-

ation seems to be the most promising approach to evaluating
database queries for database systems with a powerful view
concept. This is in particular the case for systems which
will implement the new SQL:1999 standard, and hence will
allow the definition of recursive views. The attractiveness of
this method lies in its generality and efficiency. Addition-
ally, in [8, 12] it has been shown that the Magic Set method
can improve the performance of nonrecursive queries as well.
Thus, it seems worthwhile to implement a Magic Set trans-
formation and a fixpoint based evaluation mechanism on top
of a (non)recursive relational database system. In this pa-
per we propose such an evaluation mechanism for stratifiable
deductive databases based on the well-known and simple fix-
point operator by Tarski.

We focus on the use of Magic Set transformations on
(function-free) stratifiable deductive databases consisting of
Datalog¬ rules which are mainly used because of their syn-
tactic simplicity. Although Magic Sets is sound and com-
plete for stratifiable databases [10] its application may re-
sult in unstratifiable databases, such that a more general
approach than iterated fixpoint computation is needed for
determining the corresponding well-founded model [19]. The
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alternating fixpoint computation by Van Gelder [17, 18] or
the weak stratification approach by Kerisit and Pugin [11],
however, are not really efficient as they may compute many
irrelevant facts during the course of a fixpoint computation.
In addition, we show that the latter method may even lead
to the computation of erroneous answer facts with respect
to a given query and the corresponding well-founded model.

The structured bottom-up method by Balbin et al. in
[1, 2], however, is complete and sound but because of its
complexity difficult to implement. In addition, an imple-
mentation of this fixpoint approach may be not efficient
as well, because it poses problems to relational optimizers
in real database systems because of the entwined evalua-
tion process. Therefore, we introduce the new concepts soft
stratification and soft consequence operator. The latter is
a variant of Kerisit’s weak consequence operator. Together
they provide a sound and complete evaluation method for
determining the well-founded semantics of a Magic Set trans-
formed database. This simple approach is easy to implement
on top of an existing relational database system and allows
further refinement during the subsequent relational opti-
mization process. In addition, the approach represents an
efficient evaluation procedure which can be applied to other
transformation based approaches in deductive databases as
well, e.g., update propagation methods [9], methods for view
updating or transformation based methods for computing
the well-founded model of general logic programs [6].

This paper is organized as follows: After introducing ba-
sic concepts and the Magic Sets method in the following two
sections, we recall in section 4 the concepts weak stratifica-
tion and weak consequence operator for query evaluation
which are part of the Alexander method [16]. In section
5 we show by means of a counter example the erroneous
derivations of this approach and introduce the concepts soft
stratification and soft consequence operator instead. After
proving the correctness of our approach, we present a com-
parison to other methods in section 6 and conclude the paper
in section 7.

2. BASIC CONCEPTS
We consider a first order language with a universe of con-

stants U = {a, b, c, . . .}, a set of variables {X, Y, Z, . . .} and a
set of predicate symbols {p, q, r . . . }. A term is a variable or
a constant (i.e., we restrict ourselves to function-free terms).
Let p be an n-ary predicate symbol and ti (i = 1, . . . , n and
n ≥ 0) terms then p(t1, . . . , tn) (or simply p(�t )) is denoted



atom. An atom is ground if every ti is a constant. If A is
an atom, we use pred(A) to refer to the predicate symbol
of A. A fact is a clause of the form p(t1, . . . , tn) ← true
where p(t1, . . . , tn) is a ground atom. A literal is either an
atom or a negated atom. A rule is a clause of the form
p(t1, . . . , tn) ← L1 ∧ · · · ∧ Lm with n ≥ 0 and m ≥ 1
where p(t1, . . . , tn) is an atom denoting the rule’s head, and
L1, . . . , Lm are literals representing its body. We assume all
deductive rules to be safe (allowed or range-restricted, re-
spectively); that is, all variables occurring in the head or in
any negated literal of a rule must be present in some positive
literal in its body as well. If A is the head of a given rule R,
we use pred(R) to refer to the predicate symbol of A. For a
set of rules R, pred(R) is defined as ∪r∈Rpred(r).

Definition 1. A deductive database D is a tuple 〈F ,R〉
where F is a finite set of facts and R a finite set of rules such
that pred(F) ∩ pred(R) = Ø. Within a deductive database
D = 〈F ,R〉, a predicate symbol p is called derived (view
predicate), if p ∈ pred(R). The predicate p is called exten-
sional (or base predicate), if p ∈ pred(F).

For simplicity of exposition, and without loss of generality,
we assume that a predicate is either base or derived, but not
both, and that constants do neither occur in rule heads nor
in body literals referring to a derived relation. Both condi-
tions can be easily achieved by rewriting a given database.
Before defining the semantics of a deductive database, we
introduce the notion stratification using the so-called pred-
icate dependency graph which describes dependencies be-
tween predicates in R.

Definition 2 (Predicate Dependency Graph). Let
D be a deductive database and RelD = pred(F)∪· pred(R)
the set of all predicate symbols in D. The predicate depen-
dency graph of D is the labelled directed graph GD = 〈V, E〉
where V = RelD and E is a set of labelled edges. With
p, q ∈ RelD, R+

p,q = {A ← W ∈ R | pred(A) = p and W
contains a positive literal L with pred(L) = q} and R−

p,q =
{A ← W ∈ R | pred(A) = p and W contains a neg-
ative literal L with pred(L) = q}, E contains a negative
edge (q, p, neg) iff R−

p,q 	= Ø and, E contains a positive edge
(q, p, pos) iff R+

p,q 	= Ø and (q, p, neg) /∈ E.

We say that a predicate p depends positively on a pred-
icate q iff the predicate dependency graph contains a path
from q to p that includes no negative edge. A predicate p
depends negatively on q iff the path includes at least one
negative edge. We say that p and q are mutually depen-
dent (p ≈ q) iff p depends on q and q depends on p. With
p ∈ RelD and depR(p) = {q ∈ RelD | p depends positively or
negatively on q}, we denote the set of rules defR(p) by which
relation p is defined as defR(p) = {R′ ∈ R | pred(R′) ∈
depR(p) ∪ {p} }.

Definition 3 (Stratification). Let D be a deductive
database. A stratification λ on D is a mapping from the
set of all predicate symbols RelD in D to the set of positive
integers IN , such that for all predicate symbols p, q ∈ RelD :

p depends positively on q =⇒ λ(p) ≥ λ(q)
p depends negatively on q =⇒ λ(p) > λ(q)

The rule set R is then called stratified with respect to λ and
all predicates p in R with the same value λ(p) form a corre-
sponding stratum. A database is called stratifiable iff at least
one stratification exists.

Stratifiable rules do not allow recursion through negative
predicate occurrences. A stratification partitions a given
rule set such that all positive derivations of relations can be
determined before a negative literal with respect to one of
those relations is evaluated. Given a deductive database D,
the Herbrand base HD of D is the set of all ground atoms
that can be constructed from the predicate symbols and con-
stants occurring in D. Any subset I of HD is a Herbrand
interpretation of D. Based on these notions we will now de-
fine the semantics of a deductive database. First, we recall
the immediate consequence operator introduced by van Em-
den and Kowalski that will serve as the basic operator for
determining the semantics of different classes of deductive
databases.

Definition 4 (Immediate Consequence Operator).

Let D = 〈F ,R〉 be a deductive database. The immediate con-
sequence operator TR is a mapping on sets of ground atoms
and is defined for I ⊆ HD as follows:

TR(I) = {A |A ∈ I or
there exists a rule A← L1 ∧ . . . ∧ Ln ∈ [[R]]
such that Li ∈ I for all positive literals Li

and L /∈ I for all negative literals Lj ≡ ¬L}
where [[R]] denotes the set of all ground instances of rules
in R.

As the immediate consequence operator TR is monotonic
for semi-positive databases, i.e., databases in which nega-
tive literals reference base relations only, its least fixpoint
lfp (TR,F) exists, where lfp (TR,F) denotes the least fix-
point of operator TR containing F , and coincides with the
least Herbrand model SD of D.

For stratifiable databases, however, the semantics is de-
fined as the iterated fixpoint model MD which can be con-
structed as follows: LetD = 〈F ,R〉 be a stratifiable database
and λ a stratification on D. The partition P1 ∪· . . . ∪· Pn of
R defined by λ induces a sequence of least Herbrand models
M1, . . . Mn:

M1 := lfp (TP1 ,F),
M2 := lfp (TP2 , M1),
. . .
Mn := lfp (TPn , Mn−1) =: MD.

Given an arbitrary deductive database D, its well-founded
model WD then coincides with SD or MD if D is a semi-
positive or stratifiable database, respectively. For illustrat-
ing the notations introduced above, consider the following
example of a stratifiable deductive database D = 〈F ,R〉:
R: h(X, Y )← ¬p(Y, X) ∧ p(X, Y ) F : e(1, 2)

p(X, Y )← e(X, Y ) e(2, 1)
p(X, Y )← e(X, Z) ∧ p(Z, Y ) e(2, 3)

Relation p represents the transitive closure of relation e
while relation h selects all p(X, Y )-facts where Y is reachable
from X but not vice versa. A stratification postpones the
evaluation of h until all p tuples have been derived. The well-
founded model is then given by WD = F ∪ {p(1, 1), p(1, 2),
p(1, 3), p(2, 1), p(2, 2), p(2, 3)} ∪ {h(1, 3), h(2, 3)}.



3. MAGIC SETS
Various methods for efficient bottom-up evaluation of

queries against the intensional part of a database have been
proposed, e.g. Magic Sets [4], Counting [5], Alexander
method [16]). All these approaches are rewriting techniques
for deductive rules with respect to a given query such that
bottom-up materialization is performed in a goal-directed
manner cutting down the number of irrelevant facts gener-
ated. In the following we will focus on Magic Sets as this
approach has been accepted as a kind of standard in the
field. We refrain from presenting the Magic Sets approach
in detail but rather present a simplified version of the Magic
Templates algorithm [15].

Magic Sets rewriting is a two-step transformation in which
the first phase consists of constructing an adorned rule set,
and where the second phase is the actual Magic Sets rewrit-
ing. The adorned rule set is derived from the original data-
base with respect to the binding pattern of the query and a
choice of sideways information passing strategy (sip) strate-
gies [15]. A SIP strategy determines for each rule the order
in which the body literals are to be evaluated. As an exam-
ple consider the following rule set

p(X, Y )← e(X, Y ) e(X, Y )← b(X, Y )
p(X, Y )← e(X, Z) ∧ p(Z, Y ) e(X, Y )← c(X, Y )

and the query ?−p(1, Y ) asking for all nodes reachable from
node 1. Within an adorned rule set each derived predicate
is associated with an adornment, which is a string consist-
ing of the symbols ’b’ and ’f’ representing bound and free
argument positions when the predicate is evaluated. The
adorned version of the deductive rules is constructed with
respect to the adorned query pbf (1, Y ) and the selected sip
strategy. Assuming a left-to-right sip strategy for all rules,
the adorned rule set of the example looks as follows:

pbf (X, Y )← ebf (X, Y ) ebf (X, Y )← b(X, Y )
pbf (X, Y )← ebf (X, Z) ∧ pbf (Z, Y ) ebf (X, Y )← c(X, Y )

In the course of a top-down evaluation of the query
pbf (1, Y ) each derived predicate would be called with the
unique binding pattern encoded in its adornment when rule
bodies are evaluated from left-to-right.

During the second phase of Magic Sets the adorned rules
are rewritten such that bottom-up materialization of the
resulting database simulates a top-down evaluation of the
original query on the original database. For this purpose,
each adorned rule is extended with a magic literal restrict-
ing the evaluation of the rule to the given binding in the
adornment of the rule’s head. The magic predicates are de-
fined by rules computing all values that would be passed in
the sequence of body literals according to the sip strategy.
The initial values corresponding to the query are given by
the so-called magic seed. Before we present the Magic Sets
rewriting more precisely, the next definitions specify how
magic literals are constructed and how the seed is derived
from the query.

Definition 5 (Magic Predicates). Let A ≡ pad(�x)
be a positive literal with adornment ad and bd(�x) the se-
quence of variables within �x indicated as bound in the adorn-
ment ad. Then the magic predicate of A is defined as

magic(A) := m pad(bd(�x)).

If A ≡ ¬pad(�x) is a negative literal, then the magic predicate
of A is defined as magic(A) := ¬ m pad(bd(�x)).

Definition 6 (Seed/Seed Rule). Let Q ≡ pad(�c) be
a query with adornment ad and bd(�c) the sequence of con-
stants within �c indicated as bound in the adornment ad.
Then the seed of Q is defined as

seed(Q) := m s pad(bd(�c))

and the corresponding seed rule is defined as

seed_rule(Q) := m pad(�x)← m s pad(�x)

where �x is a vector of distinct variables x1, . . . , xn and n is
the length of the sequence bd(�x).

In order to simplify the definition of the Magic Sets trans-
formation we assume that the body literals are already or-
dered from left to right according to the selected sip strategy.

Definition 7 (Magic Rules). Let R be a stratifiable
deductive rule set, Q ≡ pad(�c) an adorned query with p ∈
pred(R), and RQ the adorned rule set of R with respect
to the query Q. The Magic Sets rewriting of RQ yields the
magic rules ms(RQ) defined as the smallest set satisfying the
following conditions:

1. For each deductive rule A ← L1 ∧ . . . ∧ Ln ∈ RQ an
answer rule of the form

A← magic(A) ∧ L1 ∧ . . . ∧ Ln

is in ms(RQ).

2. For each deductive rule A ← L1 ∧ . . . ∧ Ln ∈ RQ and
each derived body literal Li (1 ≤ i ≤ n) a sub-query
rule of the form

magic(Li)← magic(A) ∧ L1 ∧ . . . ∧ Li−1

is in ms(RQ).

Note that the definition of Magic Rules solely depends on
the predicate p and adornment ad of a given query pad(�c)
but not on the constants within �c.

Definition 8 (MAGIC DB TRANSFORMATION).

Let D = 〈F ,R〉 be a stratifiable deductive database, Q ≡
pad(�c) an adorned query with p ∈ pred(R), and ms(RQ)
the magic rule set of R with respect to the query Q. The
Magic DB transformation of D with respect to Q then yields
the deductive database Dm = 〈F ∪ {seed(Q)}, ms(RQ)∪
{seed_rule(Q)}〉.

Note that this definition of Magic Sets slightly differs from
the one in [15] as we add the additional magic seed rule to
ms(RQ) in order to keep the condition pred(F)∩pred(R) =
Ø in Definition 1 of deductive databases satisfied. For our
example above, the Magic DB transformation then yields
the deductive rule set



pbf (X, Y )← m pbf (X) ∧ e(X, Y )
pbf (X, Y )← m pbf (X) ∧ e(X, Z) ∧ pbf (Z, Y )
ebf (X, Y )← m ebf (X) ∧ b(X, Y )
ebf (X, Y )← m ebf (X) ∧ c(X, Y )

m pbf (Z)← m pbf (X) ∧ e(X, Z)
m pbf (X)← m s pbf (X)
m ebf (X)← m pbf (X)

as well as the magic seed fact m s pbf (1).

Theorem 1. Let D be a stratifiable database, Q a query
to D, Dm the database resulting from Magic DB transfor-
mation applied to D with respect to Q, and ans(WD, Q) the
answer set of Q defined as ans(WD, Q) := {L | L ≡ Qσ, σ
is a ground substitution for all variables in Q and L ∈ WD}.
Then the answer set of Q with respect to D is equivalent
to the answer set of the adorned query with respect to the
rewritten database. Hence, if Q ≡ p(�c), then

p(�c)σ ∈ ans(WD, Q)⇐⇒ pad(�c)σ ∈ ans(WDm , Qa)

where σ is a ground substitution for the variables in Q and
Qa ≡ pad(�c) is the adorned query.

Proof See [10, 15].

In [10] it has been shown that the Magic Sets transfor-
mation is sound for stratifiable databases. However, the
resulting rule set may be no more stratifiable and more
general approaches than iterated fixpoint computation are
needed. For determining the well-founded model [19] of gen-
eral logic programs, the alternating fixpoint computation by
Van Gelder [17, 18] or the conditional fixpoint by Bry [7]
could be used. The application of these methods, however,
is not really efficient because the specific reason for the un-
stratifiability of the transformed rule sets is not taken into
account.

Therefore, other methods have been proposed in order to
compute the semantics of unstratifiable databases resulting
from a Magic Sets transformation explicitly. The structured
bottom-up method proposed by Balbin et al. in [1, 2] re-
alizes a bottom-up materialization process for the rewritten
database which is suspended each time a negative literal ¬ A
is queried with respect to a set of particular bindings. Then
the query ?−A is evaluated by invoking an appropriate func-
tion call which actually performs an intermediate magic sets
process initiated by corresponding magic seeds derived from
the given bindings. Note that this function has to be recur-
sive as the evaluation of the query ?− A itself may depend
on the evaluation of other negative literals in deeper layers.
Afterwards, the global process is continued and the answers
for ?−A are used to evaluate the negative literal ¬ A. The
structured bottom-up method is complete and sound but
because of its complexity difficult to implement.

The Alexander method proposed by Kerisit and Pugin
in [11] represents a much simpler approach for computing
the semantics of unstratifiable databases resulting from a
Magic Sets transformation. This approach uses a modified
consequence operator and a more general stratification con-
cept, the so-called weak stratification, in order to evaluate
negative literals correctly. In the sequel, we will concentrate
on this approach because of its efficiency and simplicity.

4. QUERY EVALUATION USING
WEAK STRATIFICATION

The definition of stratification requires two conditions with
respect to positive and negative dependencies between pred-
icates to be satisfied. The concept of weak stratification [11]
relaxes these conditions by considering negative dependen-
cies between predicates only.

Definition 9 (Weak Stratification). Let D be a de-
ductive database. A weak stratification λω on D is a mapping
from the set of all predicate symbols RelD in D to the set
of positive integers IN , such that for all predicate symbols
p, q ∈ RelD :

p depends negatively on q =⇒ λω(p) > λω(q)

A weak stratification then induces a weak partition P =
Pos∪· N1 ∪· . . . ∪· Nn of R such that

1. If A ← W ⊆ R is a positive rule (i.e., a rule with no
negative body literals), then the rule A ← W is in the
set Pos.

2. If A ← W ⊆ R is a negative rule (i.e., a rule with at
least one negative body literal) and λω(A) = i, then the
rule A←W is in the set Ni.

In [11] it has been shown that every rule set resulting from
the Magic Sets transformation of a stratifiable rule set can
be weakly stratified. For materializing weakly stratified
databases, the authors propose a modified immediate con-
sequence operator which we call weak consequence operator
in the following.

Definition 10 (Weak Consequence Operator).

Let D = 〈F ,R〉 be a deductive database and λω a weak strat-
ification of R inducing the weak partition P = P0 ∪· . . . ∪· Pn

of R with P0 = Pos and Pi = Ni for 1 ≤ i ≤ n. The weak
consequence operator T ω

P is a mapping on sets of ground
atoms and is defined for I ⊆ HD as follows:

T ω
P (I) :=




I if {j | TPj (I)− I 	= Ø} = Ø

TPi(I) with i = min{j | TPj (I)− I 	= Ø},
otherwise.

As the weak consequence operator is monotonic, its least
fixpoint exists and is given by lfp (T ω

P ,F). It is obvious that
the application of T ω

P can lead to more positive conclusions
than there are within the set of positive elements of the cor-
responding well-founded model. In [11] the authors claim,
however, that at least the answer relation with respect to a
given query is correctly determined by means of lfp (T ω

P ,F).
We will show in the following section that this is not true
and present a refined version of the concept weak stratifica-
tion in order to determine the complete well-founded model
correctly using the weak consequence operator.

5. SOFT STRATIFICATION
In general it is possible to find several distinct weak strat-

ifications for a given rule set. However, not every chosen
weak stratification may lead to correct derivations of facts
with respect to the well-founded model if the weak conse-
quence operator is applied. For illustrating this problem
consider the following example of a stratifiable deductive
database D = 〈F ,R〉



R: p(X)← b(X, Y, Z) ∧ ¬q(X) ∧ ¬q(Y ) ∧ ¬q(Z)
q(X)← d(X)

F : b(1, 2, 3) d(2) d(3)

and the query Q ≡ p(1). A weak partition P = Pos∪· N1 of
the Magic Sets transformed rule set ms(RQ)∪· {rule seed(Q)}
could be as follows:

Pos:

qb(X)← m qb(X) ∧ d(X)
m pb(X)← m s pb(X)
m qb(X)← m pb(X) ∧ b(X, Y, Z)

N1:

pb(X)← m pb(X) ∧ b(X, Y, Z) ∧ ¬qb(X) ∧ ¬qb(Y ) ∧ ¬qb(Z)
m qb(Y )← m pb(X) ∧ b(X, Y, Z) ∧ ¬qb(X)
m qb(Z)← m pb(X) ∧ b(X, Y, Z) ∧ ¬qb(X) ∧ ¬qb(Y )

The magic seed is given by m s pb(1). Evaluating these
rules using T ω

P would yield {m pb(1)}, {m qb(1)}, {pb(1),
m qb(2), m qb(3)} and {qb(2), qb(3)}. With respect to the
corresponding well-founded model WDm := {m pb(1),
m qb(1), m qb(2), q(2)} ∪ F ∪{m s pb(1)} of Dm, the facts
m qb(3) and qb(3) are erroneous derivations. Additionally,
the incorrect answer fact pb(1) is derived which is clearly
wrong as relation p is empty in the iterated fixpoint model
of the original database. The erroneous derivations are due
to the fact that only negative dependencies are considered
in weak partitions but no positive ones. It is necessary,
however, to consider also those positive dependencies which
ensure that all necessary derivations of query and answer
facts have been made before a rule with a corresponding
negative literal is evaluated.

A possible solution to this problem is to choose a weak
partition in such a way that all rules on which a negative
literal positively or negatively depends lie in deeper layers.
Consider, for instance, the negative literal ¬qb(Y ) in the
rule for defining relation p. This literal also appears in the
rule for defining m qb(Z) which ought to be applied after
the rules

Pos ∪ {m qb(Y )← m pb(X) ∧ b(X, Y, Z) ∧ ¬qb(X)}
have been considered in deeper layers by T ω

P in order to pro-
vide all necessary answer and sub-query facts. Additionally,
for evaluating the negative literal ¬qb(Z) in the rule defining
p, the rule

m qb(Z)← m pb(X) ∧ b(X, Y, Z) ∧ ¬qb(X) ∧ ¬qb(Y )

must have been considered already in deeper layers. The fol-
lowing definition formalizes the dependency between literals
and rules in a Magic Sets transformed rule set.

Definition 11 (Required Rules). Let R be a set of
stratifiable deductive rules, Q an adorned query, RQ the
adorned rule set of R with respect to Q and ms(RQ) the cor-
responding magic set transformed rules. For each rule Ri ≡
A ← magic(B), Li,1, . . . Li,li ∈ ms(RQ) (i = 1, ..., |ms(RQ)|)
and each derived body literal Li,j (j ∈ {1, . . . , li}) the set of
required rules req(Li,j) is defined as the smallest set satisfy-
ing the following conditions:

1. For each derived body literal Li,k (1 ≤ k ≤ j) a sub-
query rule of the form

magic(Li,k)← magic(B) ∧ Li,1 ∧ . . . Li,k−1

is in req(Li,j).

2. For each derived body literal Li,k (1 ≤ k ≤ j) the magic
rules ms(defRQ(pred(Li,k)) are in req(Li,j).

As an example consider again the deductive database above
and its adorned rule set RQ

pb(X)← b(X, Y, Z) ∧ ¬qb(X) ∧ ¬qb(Y ) ∧ ¬qb(Z)
qb(X)← d(X)

with respect to the query Q ≡ p(1). Suppose the resulting
magic sub-query rule

m qb(Z)← m pb(X) ∧ b(X, Y, Z) ∧ ¬qb(X) ∧ ¬qb(Y )

for defining m qb(Z) has been numbered R4. The set of
required rules for the body literal L4,3 ≡ ¬qb(Y ) within this
rule then is given by

req(L4,3) := { m qb(X)← m pb(X) ∧ b(X, Y, Z),
m qb(Y )← m pb(X) ∧ b(X, Y, Z) ∧ ¬qb(X),
qb(X)← m qb(X) ∧ d(X) }

while the latter rule results from the magic set transfor-
mation ms(defRQ(pred(L4,2)) of literal L4,2 ≡ ¬qb(X) and
from the magic set transformation ms(defRQ(pred(L4,3)),
respectively.

We will now introduce the notion soft stratification to
denote a weak stratification which also takes the sets of re-
quired rules for negative literals into account.

Definition 12 (Soft Stratification). Let R be a
stratifiable deductive rule set and ms(RQ) the corresponding
set of Magic Set transformed rules with respect to a given
query Q. A soft stratification λs on ms(RQ) is a mapping
from the set of rules ms(RQ) to the set of positive integers
IN , such that for all negative rules Rneg ∈ ms(RQ) and all
negative literals L of Rneg:

R′ ∈ ms(RQ) and R′ ∈ req(L) =⇒ λs(Rneg) > λs(R′)

In a soft stratification, positive as well as negative dependen-
cies are considered, leading to a stronger condition in com-
parison to weak stratification on the subsequent rule par-
titioning. Stratification problems introduced by the Magic
Sets transformation, however, are avoided because depen-
dencies between rules and not between predicates (as in the
original condition of stratification) are considered. In addi-
tion, only necessary dependencies between rules are taken
into account in order to be most flexible in the relational
reoptimisation phase. For materializing softly stratified
databases, we use a slightly modified weak consequence op-
erator which we call soft consequence operator in the follow-
ing.

Definition 13 (Soft Consequence Operator). Let
D = 〈F ,R〉 be a deductive database, Q a query, Dm the
database resulting from Magic DB transformation applied to
D with respect to Q, and λs a soft stratification of ms(RQ) ∪·
{seed_rule(Q)} inducing the soft partition P = P1 ∪· . . . ∪· Pn.
The soft consequence operator T s

P is a mapping on sets of



ground atoms and is defined for I ⊆ HDm as follows:

T s
P(I) :=




I if {j | TPj (I)− I 	= Ø} = Ø

TPi(I) with i = min{j | TPj (I)− I 	= Ø}
otherwise.

In contrast to the weak consequence operator introduced
before, this operator is defined for magic set transformed
rule sets only. In addition, there is no distinction between
positive and negative rule sets anymore.

As an example consider the following partition P = P1 ∪·
P2 ∪· P3 ∪· P4 of the Magic Sets transformed rule set ms(RQ)
∪· {rule_seed(Q)}

P1:

m pb(X)← m s pb(X)
m qb(X)← m pb(X) ∧ d(X)
qb(X)← m qb(X) ∧ d(X)

P2:

m qb(Y )← m pb(X) ∧ b(X, Y, Z) ∧ ¬qb(X)

P3:

m qb(Z)← m pb(X) ∧ b(X, Y, Z) ∧ ¬qb(X) ∧ ¬qb(Y )

P4:

pb(X)← m pb(X) ∧ b(X, Y, Z) ∧ ¬qb(X) ∧ ¬qb(Y ) ∧ ¬qb(Z)

which satisfies the condition of soft stratification. The de-
termination of lfp (T s

P ,F) with F = {b(1, 2, 3), d(2), d(3)}
using the given soft partition then yields the correct well-
founded model WDm := {m pb(1), m qb(1)} ∪ {m qb(2)} ∪
{q(2)} ∪ F of Dm.

Proposition 1. Let D = 〈F ,R〉 be a stratifiable deduc-
tive database and ms(RQ) the corresponding set of Magic
Sets transformed rules with respect to a given query Q. Then
a soft stratification of ms(RQ) exists.

PROOF: Suppose there is no soft stratification of the magic
set transformed rules ms(RQ). Then there must be two
rules R1 ∈ ms(RQ) with a negative body literal L1 and
R2 ∈ ms(RQ) with a negative body literal L2 such that
R2 ∈ req(L1) and R1 ∈ req(L2). Without loss of generality
we can assume R1 and R2 to be answer rules because for ev-
ery sub-query rule R′ ∈ ms(RQ) with a derived body literal
L′ there exists a corresponding answer rule R′′ ∈ ms(RQ)
with a derived body literal L′′ such that req(L′′) = req(L′).
Therefore, R2 must be in the set ms(defRQ(pred(L1)) and

its corresponding adorned rule RQ
2 must be in

defRQ(pred(L1). As L1 is a negative literal in R1, RQ
2 then

must depend negatively on RQ
1 . Analogously, you can show

that the adorned rule RQ
1 must depend negatively on RQ

2 .
Thus, the adorned rule set RQ must be unstratifiable and
subsequently R, which contradicts the prerequisites of the
proposition.

�

Theorem 2. Let D = 〈F ,R〉 be a stratifiable deductive
database, ms(RQ) the corresponding set of Magic Sets trans-
formed rules with respect to a given query Q, and λs a

soft stratification on ms(RQ)∪{seed_rule(Q)} inducing the
soft partition P = P1 ∪· . . . ∪· Pn. Evaluating these rules
using the soft consequence operator T s

P then always yields
the correct well-founded model of Dm = 〈F ∪ {seed(Q)},
ms(RQ) ∪ {seed_rule(Q)} 〉. Thus, the following holds:

lfp (T s
P ,F ∪ {seed(Q)}) = WDm .

PROOF: The theorem is shown by induction on the num-
ber l of components in the partition P induced by λs on
ms(RQ) ∪ {seed_rule(Q)}. Without loss of generality we
can assume that seed_rule(Q) ∈ P1 because no other rule
may derive facts unless this rule has been fired first. The
application of T s

P then starts again with the first component
P1 of partition P.

Suppose that l = 1: All negative literals in P1 have empty
sets of required rules as they refer to base relations only.
Hence, the well-founded model of the semi-positive rule set
P1 for an arbitrary fact base X is given by

W〈P1,X〉 = lfp (TP1 , X)
=def TP1(TP1(. . . TP1(X) . . .)
=def lfp (T s

P1 , X)

This holds in particular for the fact base X = F∪{seed(Q)}.

Suppose that l > 1: Assuming

lfp (T s
P1 ∪· ...∪· Pl−1

, X) = W〈P1 ∪· ...∪· Pl−1,X〉

holds for any fact base X, we have to show that

lfp (T s
P1 ∪· ...∪· Pl

, X) = W〈P1 ∪· ...∪· Pl,X〉.

According to definition 13 the least fixpoint computation of
T s

P1 ∪· ...∪· Pl
with respect to the fact base F ∪ {seed(Q)}

corresponds to the following sequence of separate fixpoint
computations

F1 := TPl [lfp (T s
P1 ∪· ...∪· Pl−1

,F ∪ {seed(Q)})]
F2 := TPl [lfp (T s

P1 ∪· ...∪· Pl−1
, F1)]

. . .
Fm := TPl [lfp (T s

P1 ∪· ...∪· Pl−1
, Fm−1)],

performed until no more new facts can be derived; that is
Fm = Fm+1. Using the induction hypothesis, the fixpoint
computations of partition P1 ∪· . . . ∪· Pl−1 with respect to
the different base facts Fi (1 ≤ i ≤ m) are correct and there-
fore coincide with the corresponding well-founded models.
Thus, we have

F1 = TPl(W〈P1 ∪· ...∪· Pl−1,F∪{seed(Q)}〉)
F2 = TPl(W〈P1 ∪· ...∪· Pl−1,F1〉)
. . .
Fm = TPl(W〈P1 ∪· ...∪· Pl−1,Fm−1〉).

Let us suppose that lfp (T s
P1 ∪· ...∪· Pl

,F ∪ {seed(Q)}) ⊆
W〈P1 ∪· ... ∪· Pl,F∪{seed(Q)}〉 does not hold. Then there must be
a fact f ≡ p(�c) and a set of base facts Fj with j ∈ {1, . . . , m}
such that f ∈ Fj and f /∈ W〈P1 ∪· ...∪· Pl,F∪{seed(Q)}〉. As the
computations of the well-founded models with respect to
partition P1 ∪· . . . ∪· Pl−1 are correct, there must be a rule
R ∈ Pl with pred(f) = pred(R) such that the application
of R leads to the erroneous derivation of f . On the one
hand, any negative literal in the body of R is evaluated cor-
rectly because its corresponding req-set is complete (see [10,



15]) and only consists of rules located in components P1

. . . Pl−1 (because of the soft stratification property) whose
corresponding well-founded model is determined correctly
according to the induction hypothesis. On the other hand,
any positive literal is also evaluated correctly, as there is
only one application of TPl and therefore every substitu-
tion must have come from the previously determined well-
founded model W〈P1 ∪· ...∪· Pl−1,Fj−1〉. But then it can be
concluded that the erroneous derivation f may only be due
to an erroneous fact base Fj−1. Analogously, it can be fol-
lowed that F1 must have been an erroneous fact base and
because of the correct application of TPl the well-founded
modelW〈P1 ∪· ...∪· Pl−1,F∪{seed(Q)}〉 must have been incorrect
which is a contradiction to the induction hypothesis.

Let us suppose that lfp (T s
P1 ∪· ...∪· Pl

,F ∪ {seed(Q)}) ⊇
W〈P1 ∪· ... ∪· Pl,F∪{seed(Q)}〉 does not hold. Then there must be
a fact f ≡ p(�c) such that f ∈ W〈P1 ∪· ...∪· Pl,F∪{seed(Q)}〉 and
f /∈ Fm. As the computations of the well-founded models
with respect to partition P1 ∪· . . . ∪· Pl−1 are correct, there
must be a rule R ∈ Pl with pred(f) = pred(R) such that the
final application of TPl with respect toW〈P1 ∪· ...∪· Pl−1,Fm−1〉
does not derive f (which must be erroneous because of Fm =
Fm+1). Analogously to the previous case, we can assume
that all positive as well as all negative literals within the
body of R are correctly evaluated overW〈P1 ∪· ...∪· Pl−1,Fm−1〉.
Therefore, the previously determined fact base Fm−1 cannot
be correct. Analogously it can be followed again that the
computation of F1 must have been erroneous and subse-
quently the well-founded modelW〈P1 ∪· ...∪· Pl−1,F∪{seed(Q)}〉
must have been incorrect. This again contradicts our induc-
tion hypothesis.

Thus, we conclude lfp (T s
P1 ∪· ...∪· Pl

,F ∪ {seed(Q)}) =
W〈P1 ∪· ... ∪· Pl,F∪{seed(Q)}〉.

�

6. DISCUSSION
For illustrating our approach, let us consider the following

example of a stratifiable database D = 〈F ,R〉 with

R : F :

i(X)← ¬s(X) ∧ j(X, Y ) ∧ i(Y ) k(8), k(9)
i(X)← k(X) j(6, 4), j(7, 4), j(4, 8)
s(X)← b(X, Y ) ∧ s(Y ) g(3), g(5)
s(X)← g(X) b(1, 2), b(2, 3), b(4, 5).

and the query Q ≡ i(6). The transformed rules after apply-
ing Magic Sets are

ib(X)← m ib(X) ∧ ¬sb(X) ∧ j(X, Y ) ∧ ib(Y )
ib(X)← m ib(X) ∧ k(X)
sb(X)← m sb(X) ∧ b(X, Y ) ∧ sb(Y )
sb(X)← m sb(X) ∧ g(X)

m ib(X)← m s ib(X)
m ib(Y )← m ib(X) ∧ ¬sb(X) ∧ j(X, Y )
m sb(X)← m ib(X)
m sb(Y )← m sb(X) ∧ b(X, Y ).

The following negative cycle then can be found in the cor-
responding dependency graph:

sb
neg−→ m ib

pos−→ m sb
pos−→ sb

For computing the well-founded model of the Magic Set
transformed database Dm := 〈F ∪ {seed(Q)}, ms(RQ) ∪
{seed rule(Q)}〉 we compare the alternating fixpoint com-
putation by Van Gelder and the structured bottom-up
method by Balbin et al. with our approach based on soft
stratification. First let us trace the alternating fixpoint com-
putation as introduced in [17]. We begin with an empty set

of negative conclusions Ĩ0 = Ø such that initially only pos-
itive rules have a chance to fire. Thus, the application of
the proposed stability transformation yields the first set of
positive conclusions

F1 := SDm(Ĩ0) = F ∪ {seed(Q)} ∪ {m ib(6), m sb(6)}.
The sets of negative conclusions Ĩi are obtained by comple-
menting Fi, e.g.:

Ĩ1 := ¬ · (HDm \ F1).

In general the sets Fi and Ĩi alternately underestimate and
overestimate the sets of positive and negative conclusions,
respectively. The subsequent applications of SDm produce
the following sequence of negative and positive conclusions:

Ĩ1 = {¬s(1),¬s(2),¬s(3),¬s(4),¬s(5),¬s(6), . . .}
F2 := SDm(Ĩ1) = F1 ∪ {m ib(4), m ib(8)}

∪ {m sb(4), m sb(5), m sb(8)}
∪ {sb(4), sb(5), ib(4), ib(8)}

Ĩ2 := {¬s(1),¬s(2),¬s(3),¬s(6), . . .}
F3 := SDm(Ĩ1) = F1 ∪ {m ib(4), m sb(4), m sb(5)}

∪ {sb(4), sb(5)}

Ĩ3 = Ĩ2

F4 = F3

As no more negative as well as positive conclusions can be
derived, a fixpoint has been reached. This total alternating
fixpoint model A+ = F ∪ {seed(Q)} ∪ {m ib(4), m ib(6),
m sb(4), m sb(5), m sb(6), sb(4), sb(5)} coincides with the
corresponding well-founded model.

Let us compare this result with the application of the soft
consequence operator. The set of required rules for the body
literal ¬sb(X) within the answer rule for defining ib is

req(¬sb(X)) := { m sb(X)← m ib(X),
sb(X)← m sb(X) ∧ b(X, Y ) ∧ sb(Y ),
sb(X)← m sb(X) ∧ g(X),
m sb(Y )← m sb(X) ∧ b(X, Y ) }

which coincides with the required rule set of the correspond-
ing negative body literal within the sub-query rule for defin-
ing m ib. The following partition P = P1 ∪· P2 ∪· P3 of the
Magic Sets transformed rule set ms(RQ)∪· {rule seed(Q)}
satisfies the condition of soft stratification:

P1:

m sb(X)← m ib(X)
sb(X)← m sb(X) ∧ b(X, Y ) ∧ sb(Y )
sb(X)← m sb(X) ∧ g(X)
m sb(Y )← m sb(X) ∧ b(X, Y )



P2:

ib(X)← m ib(X) ∧ ¬sb(X) ∧ j(X, Y ) ∧ ib(Y )
m ib(Y )← m ib(X) ∧ ¬sb(X) ∧ j(X, Y )

P3:

m ib(X)← m s ib(X)
ib(X)← m ib(X) ∧ k(X)

The computation of lfp (T s
P ,F) induces the following se-

quence of sets:

F1 := F ∪ {seed(Q)}
F2 := TP3(F1) = {m ib(6)}
F3 := TP1(F2) = {m sb(6)}
F4 := TP2(F3) = {m ib(4)}
F5 := TP1(F4) = {m sb(4)}
F6 := TP1(F5) = {m sb(5)}
F7 := TP1(F6) = {sb(5)}
F8 := TP1(F7) = {sb(4)}
F9 = F8

This result coincides with the total alternating fixpoint
model. As this computation is strictly monotonic, any over-
estimations are avoided. That is, in contrast to the alternat-
ing fixpoint computation the facts m ib(8), m sb(8), ib(8),
ib(4) are not derived. In addition, it is possible to apply a
semi-naive evaluation method in order to avoid the recom-
putation of certain facts. A possible drawback of our ap-
proach could be the expensive search for the next partition
set to be applied which might require testing all ’lower’ par-
titions. This can be partly avoided by providing additional
information on literal dependencies in order to obviate the
consideration of partition sets which cannot be affected by
newly derived facts.

The structured bottom-up method by Balbin et al. [2] uses
a function eval/2 for evaluating the Magic Set transformed
rule set. Every time a negative literal is considered, the
function eval/2 is recursively called for performing a local
fixpoint computation over the relevant portion of the Magic
Set transformed rules. The nested fixpoint computations
terminate as soon as no more facts can be added to the
global database state Me. In our example the evaluation
process starts with Me := F ∪ {m ib(6)} and the function
call eval(ib, Me). The overall evaluation process then looks
as follows:

eval(ib,F ∪ {m ib(6)})
Me := Me ∪ F ∪ {m ib(6)}

eval(sb, {m sb(6)})
Me := Me ∪ {m sb(6)}
. . .
Me := Me ∪Ø

eval(sb, {m sb(6)})
Me := Me ∪ {m sb(6)}
. . .
Me := Me ∪Ø

Me := Me ∪ {m ib(4)}




I

eval(sb, {m sb(4)})
Me := Me ∪ {m sb(4)}
. . .
Me := Me ∪ {m sb(5), sb(4), sb(5)}

eval(sb, {m sb(4)})
Me := Me ∪ {m sb(4)}
. . .
Me := Me ∪ {m sb(5), sb(4), sb(5)}

Me := Me ∪Ø




II

Within the top level function call two iteration rounds I

and II can be identified each performing a separate fixpoint
computation for the two negative queries against sb. As
each negative (derived) literal causes a separate function
call, many facts are repeatedly computed in the example
above. In addition this separation of context makes it dif-
ficult or even impossible to apply further rule optimization
techniques as proposed, e.g., in [13, 14].

Of course, for finite Herbrand universes and fixed rule
sets, any of the above mentioned approaches requires time
polynomial in the size of the Herbrand universe. The actual
efficiency therefore strongly depends on the chosen imple-
mentation and the applied optimization techniques. The
discussion above, however, already indicates some principle
problems of the alternative approaches in contrast to our
proposed method.

7. CONCLUSION
In this paper, we have presented a new evaluation method

for computing the well-founded model of Magic Set trans-
formed deductive databases. We solved a stratification prob-
lem which may arise when Magic Sets is applied to a strat-
ifiable deductive rule set. Our approach represents a refine-
ment of the weak stratification approach eliminating some
of its deficiencies. At the same time, our method can be eas-
ily combined with other transformation based approaches in
order to increase efficiency.
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